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PREFACE 


( 


'  /  This  work  concerns  random  arcs  on  the  circle.  Arcs  with  randomly 
chosen  lengths  are  placed  uniformly  on  the  circumference  of  a  circle 
and  probabilistic  questions  are  asked  about  the  resulting  configuration* 
Emphasis  Is  placed  on  deriving  expressions  for  the  moments  and  joint 
moments  of  quantities  such  as  the  number  of  uncovered  gaps,  the  measure 
of  the  uncovered  region  and  the  length  of  the  largest  gap.  Distributions 
are  also  obtained  for  some  of  these  variables.  _ - 

The  subj  ect  of  random  arcs  on  the  circle  falls  under  the  general 
heading  of  covering  problesM.  Covering  problems  in  two  or  three  dimen¬ 
sions  are  of  greater  utility  and  Interest  than  one  dimensional  problems 
like  covering  the  circle.  However,  multidimensional  covering  problems  are 
extremely  difficult  and  little  progress  has  been  made  on  them.  Much  work 
has  beta  done  on  one  dimensional  covering  problems. 

The  results  In  this  thesis  are  not  motivated  by  any  particular  appli¬ 
cation.  However,  the  consideration  of  random  arcs  on  the  circle  arises 
naturally  In  many  contexts.  Fisher  (1940)  noted  a  connection  between 
certain  tests  of  hypotheses  in  time  series  and  the  covering  of  the  circle 
by  n  uniformly  placed  arcs  of  length  t.  This  connection  Is  rather 
Indirect. 

A  more  direct  connection  with  random  arcs  Is  provided  by  tests  of 
uniformity  for  directional  data.  Suppose  n  points  . .  .  ,Pn  have 

been  placed  on  the  circumference  of  a  circle  and  it  Is  desired  to  test  the 
hypothesis  that  these  points  are  uniformly  distributed.  Assume  for  conven¬ 
ience  that  the  circumference  has  length  one.  There  are  many  reasonable  test 


statistics.  Two  of  these  are  mentioned  below.  The  choice  of  test 
statistic  Is  governed  by  the  alternatives  to  uniformity  which  are  of 
greatest  interest. 

The  n  points  break  up  the  circumference  into  n  disjoint  segments. 

Let  X  be  the  arc  length  of  the  longest  of  these  segments.  It  Is  reason¬ 
able  to  reject  the  hypothesis  of  uniformity  if  X  is  too  large.  A  more 
frequently  used  test  is  based  on  the  scan  statistic.  Let  N(x,h)  be  the 
number  of  points  contained  In  the  arc  (x,x+h]  where  x+h  Is  evaluated 

mod  1.  The  scan  statistic  N(h)  is  defined  as  N(h)  -  sup  N(x,h) .  N(h) 

x 

is  the  largest  number  of  points  that  can  be  contained  in  an  arc  of  length 

h.  If  N(h)  Is  large  this  may  Indicate  clustering  of  the  points  and 

thus  a  possible  nonuniformity.  Information  on  the  scan  statistic  may  be 

found  in  Naus  (1966)  and  Cressie  (1977). 

Now  make  each  point  P^  the  counterclockwise  endpoint  of  an  arc  of 

length  t.  Then  X  <  t  if  and  only  if  the  circumference  is  completely 

convered  by  these  n  arcs.  Let  L(x,t)  be  the  number  of  arcs  which  cover 

an  arbitrary  point  x  on  the  circumference.  Define  the  maximal  covering 

L(t)  by  L(t)  **  sup  L(x»t) .  Clearly  L(t)  -  N(t).  Thus  both  statistics 
x 

X  and  N(t)  can  be  easily  interpreted  In  terms  of  the  random  plac ament 
of  arcs  of  fixed  length  on  the  circumference.  See  Siegel  (1979)  for 
another  test  of  uniformity  which  can  be  similarly  interpreted. 

Problems  involving  random  convex  hulls  lead  naturally  to  coverage 
problems  involving  arcs  of  random  length.  Let  Z^.Zg, • • • »ZQ  be  points 
on  the  plane  generated  independently  according  to  the  distribution  Q. 
Consider  the  event  B  that  the  convex  hull  of  the  points  Z^»...fZQ 
contains  a  given  convex  set  K.  Jewell  and  Romano  (1982)  show  that  each 


point  can  be  napped  into  an  arc  on  the  unit  circle  in  such  a 

way  that  B  occurs  if  and  only  if  the  arcs  A^^, . . .  .A^  completely 
cover  the  circle.  If  K  is  a  circle  centered  at  the  origin  and  Q  has 
circular  symmetry,  then  it  can  be  shown  that  the  arcs  A^  are  uniformly 
placed  on  the  circumference  with  lengths  independent  of  their  positions. 
This  is  the  standard  setting  for  random  arcs  on  the  circle. 

Another  example  where  arcs  of  random  length  arise  is  given  by  Siegel 
(1978a) .  The  problem  of  covering  a  planar  region  by  uniformly  placed 
disks  of  fixed  radius  leads  to  a  related  circle  covering  problem  with 
arcs  of  random  length. 

There  is  a  fairly  substantial  literature  dealing  with  random  arcs  on 
the  circle  and  related  Issues  such  as  the  covering  of  line  segments  or 
the  partitioning  of  Intervals  by  random  points,  etc.  Most  of  this  is  not 
central  to  the  development  which  follows.  The  most  relevant  history  is 
summarised  below.  For  a  more  detailed  history  and  bibliography  see  Siegel 
(1977)  or  Solomon  (1978) . 

Stevens  (1939)  was  the  first  to  correctly  obtain  the  probability  that 
n  uniformly  placed  arcs  of  length  t  completely  cover  the  circumference 
of  a  circle.  He  also  derived  the  distribution  of  the  number  of  uncovered 
gaps  on  the  circumference.  Siegel  (1978b)  derived  the  moments  and  dis¬ 
tribution  of  the  measure  of  the  uncovered  portion  of  the  circumference. 
This  quantity  will  be  denoted  by  V.  Votaw  (1946)  had  obtained  the  distri 
but ion  of  the  measure  of  the  covered  region  in  the  related  problem  of 
covering  the  line.  Siegel  (1978a)  also  gave  a  general  expression  for  the 
moments  of  V  when  the  arcs  have  random  lengths  chosen  independently 
from  a  distribution  F.  The  corresponding  expression  for  the  distribution 


of  the  number  of  uncovered  gape  was  derived  by  Holst  and  Siegel  (1982). 
This  thesis  builds  directly  on  the  work  of  Siegel  and  Holst. 

Some  comments  are  in  order  on  the  origins  of  the  ideas  found  most 
useful  in  this  paper.  The  most  frequently  used  notion  is  that  of  compu¬ 
ting  the  p-th  moment  of  the  measure  of  a  random  set  A  as  the  proba¬ 
bility  that  p  independent  uniformly  generated  points  all  lie  in  A. 
Variants  of  this  idea  are  used  for  computation  of  joint  moments  in  situa¬ 
tions  Involving  two  random  sets  A  and  B.  This  idea  was  formalized  and 
made  rigorous  by  Robbins  (1944)  who  used  it  to  calculate  the  low  order 
moments  of  the  measure  of  the  region  covered  by  random  translates  of  a 
fixed  set •  This  method  was  applied  much  earlier  in  other  contexts.  For 
elementary  applications  of  the  method  by  M.  Crofton  see  the  fifth  chapter 
of  Solomon's  1978  monograph. 

An  argument  due  to  Holst  (1980)  also  proved  to  be  very  useful. 
Expressions  for  the  distributions  of  V  and  V*  (defined  in  section  8) 
were  obtained  via  this  approach.  Holst’s  argument  was  also  used  to  pro¬ 
vide  alternative  derivations  for  some  of  the  moments  and  joint  moments 
considered. 

Sections  0  and  1  of  this  thesis  contain  definitions  and  various 
facta  necessary  for  later  calculations. 

Section  2  deals  with  the  case  of  arcs  having  a  fixed  nonrandom 
length.  Moments  are  obtained  for  the  number  6  of  uncovered  gaps.  The 
factorial  moments  of  G  are  found  to  be  especially  simple  in  form.  Thes< 
moments  are  equivalent  to  and  offer  a  convenient  summary  of  the  distribu¬ 
tion  of  G  found  by  Stevens  (1939).  Next  are  presented  a  number  of 
derivations  of  the  moments  of  the  measure  V  of  the  uncovered  region. 


One  derivation  is  due  to  Holet  (1980) .  All  the  arguments  are  different 
from  the  original  method  of  Siegel  (1978b).  Finally,  several  deriva¬ 
tions  are  given  of  the  joint  moments  of  V  and  G. 


In  section  3  the  case  of  random  arc  lengths  is  considered.  An 
expression  for  the  factorial  moments  of  G  is  obtained  by  the  argument 
of  Holst  and  Siegel  (1982).  Then  Siegel's  (1978a)  derivation  of  a  gen¬ 
eral  expression  for  the  moments  of  V  is  presented.  Combining  the  ideas 
of  the  two  previous  results  leads  to  an  expression  for  the  joint  moments 
of  G  and  V.  These  joint  moments  are  evaluated  in  the  case  where  the 
n  arcs  have  lengths  sampled  independently  from  a  distribution  of  the 
form  F(x)  «  (x-a)^  for  0  <  x  <  1. 

Section  4  treats  the  special  case  where  the  arc  lengths  have  the 
uniform  distribution  F(x)  -  x.  Many  special  arguments  are  applicable 
in  this  case.  The  2n  points  which  are  the  endpoints  of  the  n  random 
arcs  divide  the  circumference  into  2n  segments.  Let  G^  be  the  number 
of  segments  covered  exactly  k  times.  is  the  measure  of  that  part 

of  the  circumference  covered  exactly  k  times.  It  is  shown  that  the 
conditional  distribution  £(V^|G^"J)  is  Beta(J ,2n-j) .  Formulas  for 
EV^,  EG^,  EV^  and  E(^)  are  obtained  for  all  k.  E(^)  and  EvJ 
are  also  calculated  for  all  p. 


Section  5  considers  the  random  variables  G^  and  when  the  arc 
lengths  have  an  arbitrary  distribution  F.  General  expressions  are  given 
for  the  quantities  EV^,  EG^,  EV^V^  and  EGj G^. 

Section  6  deals  with  the  spacings  si»S2»***»sn  between  n  inde¬ 


pendent  uniformly  distributed  points  on  the  circumference.  A  recursion 

k+1 

is  developed  allowing  one  to  compute  the  joint  distribution  of  S^ 


and  Ei-1  Si  +  Ei-1  Sk+j+i’ 


In  section  7  expressions  for  P(OK)  and  the  conditional  moments 

eo^Ig-k)  are  derived  as  corollaries  of  the  results  in  section  3. 

Section  8  contains  the  development  of  the  distribution  and  moments 
* 

of  a  quantity  V  which  is  an  upper  bound  for  V. 

Let  denote  the  length  of  the  k-th  largest  uncovered  gap  on  the 

circumference.  The  distribution  of  H^  is  derived  in  section  9.  It  is 
an  immediate  corollary  of  the  distribution  of  G  obtained  by  Holst  and 
Siegel  (1982)  and  presented  in  section  7.  An  upper  bound  is  also  given 
for  the  moments  of  H^. 

In  section  10  a  general  expression  for  the  cumulative  distribution 


of  V  is  derived  using  the  argument  of  Holst  (1980) .  The  distribution 
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THE  MOMENTS  AND  DISTRIBUTIONS  OF  SOME  QUANTITIES 
ARISING  FROM  RANDOM  ARCS  ON  THE  CIRCLE 


By 

Fred  Huffer 


0.  Description  and  Notation. 

Consider  the  problem  of  tossing  n  arcs  at  random  on  the  circumference 
of  a  circle.  More  precisely,  choose  n  points  ?i»P2'****Pn  un^orm^y  aQd 
independently  from  a  circle  of  unit  circumference.  Take  the  arc  lengths 
Ll,L2’“‘*1'n  t0  k®  from  the  distribution  F.  Then  let  Fi  serve 

as  a  counterclockwise  endpoint  of  an  arc  with  length  L^. 


Let  P(i) »P(2) *  *  * *»*(n)  c^oc'cwf-se  ordering  of  the  points  with 


P1  -  p(l>-  DefnlM  sk‘p(k+l)-p(k)  where  p(wl)  ‘  p(l)  •  sk  ls  the 


clockwise  distance  from  P^j  to  •  si*S2 . sn  are  the  8Pacin88 

between  the  counterclockwise  endpoints  of  the  arcs.  (Warning:  The  spacings 
between  points  chosen  uniformly  and  Independently  on  the  circumference  will 
always  be  denoted  by  even  if  they  are  not  the  spacings  generated  by 

the  points  P^^ . ?n«) 

The  vacancy  is  that  part  of  the  circumference  which  is  not  covered  by 
any  arc.  Let  V  denote  the  length  (or  measure)  of  the  vacancy.  G  will 
denote  the  number  of  uncovered  gaps  on  the  circumference.  The  vacancy 
consists  of  G  distinct  segments.  This  report  will  be  concerned  with  the 
exact  calculation  of  the  moments  of  V  and  G. 


1.  Preliminary  Facts. 

Before  proceeding  it  is  necessary  to  list  certain  facts  about  the  dis¬ 
tribution  of  the  spacings  SpS2»»*>»Sn  produced  by  tossing  n  points  at 
random  on  the  circumference  of  a  circle.  These  facts  are  well  known  and 
are  included  only  for  the  sake  of  completeness. 


(1.1) 


Fundamental  lemma: 


>  *i . sn  >  an}  "  "  U-  ai)”~1  * 


Proof.  Let  X, ,  be  1.1. d.  uniform  on  [0,1] .  Denote  the 
— . —  x  l  n-i 

order  statistics  by  X^  »^(2) » *  *  *  **(n-l)  *  Define  ■  X^  -  X^k_^j  for 
1  _<  k  £  n  where  X^  =  0  and  X^j  =  1.  It  Is  clear  that  ^si»S2»  *  •  •  »sn) 
so  defined  has  the  same  joint  distribution  as  the  spacings  considered  above. 
The  joint  probability  density  of  ^X(i) » • • • »X(n_i)^  is  8iven  by 


(n-1) .  Ifn  >  Y  <  Y  <  ...  <  V  <l) 

-  X(l)  -  X(2)  -  -  X(n-1)  - 


A  "  {(X(l)’**-»X(n-l))!  S1  >  al . Sn  >  an} 


B  “  {(X(l),,,,,X(n-l)):  S1  >  Jx  al}  * 


Define  the  transformation  T  so  that  TCu^* • • • *un_i)  "  ^vi* ' *  * ,vn-l^ 


-1  mapping  with 


with  v  ■  u.  +  \  a.  for  1  £  1  <  n-1.  T  Is  a  1-1  mapping  with 

1  1  j-i+1  2 

Jacobian  equal  to  1.  T  maps  A  onto  B  so  that  P(A)  ■  P(B).  It  is 


easy  to  see  that  P(B) 


-  <1  -  I  . 

i-i  1  + 


The  following  useful  facts  are  immediate  corollaries  of  the  previous 


lemma. 


(1.2)  The  joint  distribution  of  (S^,...^)  is  exchangeable: 

£(S1,...,Sn)  -  £<sT(i)****»sT(n)>  for  a11  permutations  T  . 


2 


(1.3) 


for  k  <  n 


PCSj^  >  a,  S2  >  a,...,Sk  >  a)  -  (1-ka)" 


n-1 


(1.4) 


^'((Si“a1)+  » •  •  • »  ^sn“an^+lsi  >  ai»****sn  >  an* 
n 

•  X((l  -  l  a  )(S  t...,S  ))  with  the  special  case 
x  i  n 


X( (S^— a)^_  ,  •  •  •  •  (S^)^| ^  «,  •  •  •  *®k  ^ 

-  £((l-ka)(S1 . Sfc))  for  all  1  <  k  <  n  . 

It  la  also  necessary  to  know  the  Dlrlchlet  Integral. 

n 


(1.5) 


n  o-l 

e(  n  s.J  )  - 

1-1  3 


r(n)  n  r(o ) 
_ i=i _ L 

T(  I  a.) 

L  l-i J 


if  ai  >  0  for  *±1  <“  • 


2.  The  Case  of  Constant  Arc  Length. 

Using  the  results  of  the  previous  section  it  Is  straightforward  to  calculate 
the  moments  of  6  and  V  when  F(x)  "  1{X  >  a}  80  that  the  arc  length  Is  cons¬ 
tant  -  a. 

The  number  of  uncovered  gaps  is 


(2.1) 


0  ’  ii  X  »  *>• 


Therefore 


EGP  -  l  P(S.  >  a,...,S  >  a)  . 

1^ » . .  * » I  1  p 


3 


Grouping  the  terms  according  to  the  number  of  distinct  Indices  1^  and  using 
exchangeability  (1.2)  this  becomes 


pAn  . 

“  I  S(p,k)  |  P{s^  >  a,... ,S^  >  a}  . 


Now  use  (1.3) 


(2.2) 


pAn 

•  l  S(p,k) 
k-1 


nl 

(n-k)  I 


(l-ka)""1 


EG 


P 


Here  S(p,k)  equals  the  number  of  ways  to  partition  a  set  containing  p  ele¬ 
ments  Into  k  nonempty  subsets.  These  are  called  Stirling  numbers  of  the 
second  kind. 

A  more  aesthetic  formula  la  obtained  by  considering  (®)  instead  of  GP. 

Let  o«{a^,a2 . (O  denotes  subset  of  {l,2,...,n).  Define  T«{0:  |cx|"p} 

where  |o|  Is  the  cardinality  of  a.  Clearly 


l  h 


oe T  ^So. 


^  Agee# 


>  a) 


so  that  by  exchangeability  (1.2)  and  (1.3)  It  follows  that 


(2.3)  E(®)  -  (“)  P{S,  >  a . S  >  a)  ■  (n)  (1-pa)®’1  . 

p  p  ±  p  p  + 

The  special  cases  of  most  interest  are 

EG  ■  n(l-a)^”1  and 
▼ 

EG2  -  n(l-a)*"1  +  n(n-l) (l-2a)"-1  . 


The  measure  of  the  vacancy  la  given  by 


(2.4)  V  -  l  (S,-a)  . 

i-1 


Using  the  multinomial  expansion  gives 


(*)  EVP  -  I  r  p  )  E(  n  (S.-a)% 

a  al . an  j-1  3  + 


where  or  -  (g  ,c  ,,  . . .  ,a^)  and  the  sum  ranges  over  {crrEa^-p)  .  Note  that  a 
is  being  used  in  an  entirely  different  way  than  in  the  previous  argument. 

Let  B(o)  -  {j:o.  >0},  b(o)  -  j  B  Ccr>  |  •  end  A  (a)  -  fl  (S.  >a).  Then 
3  JeB(o)  J 


E(  l  (S.-a)J)  -  P(A(o))  E(  K  (S,-a).J|A(o)) 
J-1  3  +  J-1  3  + 


since  II  (S.-a)  3  -  0  outside  the  set  A(a)  . 
j-1  J 

i  n  cr. 

-  (l-ab(ff))“_1  {(l-ab(a))p  E(  II  S.  3)> 

+  J-1  3 


by  (1.3)  and  (1.4)  . 


-  £  <y 


using  the  Dirichlet  Integral  (1.5)  . 


Substituting  this  result  in  (*)  and  simplifying  gives 


EV>  -  (P4*-1)  I  (l-abCo))^-1  . 

By  easy  combinatorics  |{a:b(a)  •  k)j  -  (£)(£lj)  for  k  £  n  A  P»  (How  many 
ways  can  p  indistinguishable  balls  be  placed  in  n  boxes  so  that  exactly  k 
boxes  are  nonempty?  First  choose  the  k  nonempty  boxes  in  (£)  ways.  Then 
distribute  the  p  balls  into  these  k  boxes  in  (P~J)  ways.)  Therefore 

(2.5)  EVP  -  (P*®-1)  1  (?)(P~b(l-ka)“+p-1  . 

P  k-1  k  k_1  + 

This  formula  was  first  obtained  by  Siegel.  For  the  cases  p  -  1  and  p  »  2 
the  formula  becomes 

EV  -  (l-a)“  and  EV2  -  (l-a)^1  +  (l>2a)J+1  . 

A  second  derivation  (due  to  Holst)  of  the  moments  of  V  is  given  below. 
This  method  of  proof  can  also  be  used  to  calculate  the  distribution  of  V. 
Define  »  I^g  >#j.  Clearly 

i  -  l  (  n  i.)(  n  (i-i.)) 

a  jeo  3  k to  K 

where  o  ranges  over  all  2°  subsets  of  {l,2,...,n).  Multiply  both  sides 
of  this  equation  by  yP  and  taka  expectations.  Grouping  the  terms  according 
to  the  cardinality  of  o  and  using  the  exchangeability  (1.2)  gives 


EV*  -  (J)  EOF*^—  Ij(l-IJ+1)  —  a-In))  . 

Now  substitute  for  V,  expand  the  product  of 
indicator  functions  and  use  (1.2)  to  obtain 


n 

-  I 

j-1 

k-0 

i  «1-*)+ip> 

L-l 

n 

-  I 

J-1 

(», 

nzJ 

k-0 

p{vv 

1} 

•  E([  { 

i-1  ^ 

>Tj+k  "  * 

Now  apply 

(1.3)  and  (1.4)  , 

n 

-  1 

(") 

n-J 

l 

(-l)k  (nvJ)(l>(j+k)a)“_1 

J-1 

J 

k-0 

K  T 

•  {(l-(j+k)a)J  E(S1  +  ‘*‘+Sj)P}  . 


(S^,...,Sn)  has  a  Dlrichlet  distribution  with  all  parameters  equal  to  one 
Thus  by  the  "clumping"  property  'v  Beta(j,n-j)  so  that 

E(S1+  •••  +  Sj)p  -  (J+P-1)/^”1). 


This  result  can  also  be  obtained  by  using  the  multinomial  expansion  followed  by 
the  Dlrichlet  integral  (1.5).  Therefore 


et"  -  ("j-i,'1  I  (?>  °iJ  <-i)k  <n-JH^-1) 

p  J-l  1  k£o  k  r 

•  (l-Cj+lOa)^"1  . 

-  (n+1>-1)‘1  l  (l-Aa)^-1  <J)  f  (-l/“j 

P  JUO  +  1  jtl  J  P 

-  C®4*-1)  1  ”lP  (l-S-a)?^"1  (j)<rb 

P  £-1  +  x  X’_1 

since  by  generating  function  arguments 
A 

I  (J)  (j+J'1)  -  (P“J)  for  1  <  l  <  p  and 

zero  otherwise  (match  coefficients  for  x*_1  in  the  identity 
<l-hO£(l+*r(p+1>  -  (14*) ^P"1)  . 

A  third  argument  for  (2.5)  will  now  be  given.  This  derivation  Introduces 
ideas  which  will  be  used  in  later  sections. 

Let  W  denote  the  vacancy  so  that  V  is  the  measure  of  the  random  set 

W.  Choose  points  distributed  independently  and  uniformly  on  the 

n 

circumference  and  independent  of  P. ,...tP  .  Define  B  ■  f)  {Q.eW}.  It 

1  n  j-1  J 

follows  by  Independence  that 

(2.6)  P(B|P1 . Pn)  -  (P{Q1eW|P1,...,Pn})“  -  V®  . 

« 

Therefore 

(2.7)  P(B)  -  EV*  . 
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Choose  an  element  x 


Define  P  ■  IP^, ....P^}  and  Q  - 


uniformly  at  random  from  P  Uq.  Let  R  *  (R,,  »R(ain))  the  clock¬ 
wise  ordering  of  the  points  In  P  Uq  with  R,.v  ■  x.  Let  C  -  (C,  ,  ) 

—  \XJ  ~  X  Bril 


with  C1  "  I^R  eT>| .  P  and  Q  are  determined  if  R  and  C  are  known.  It 
(1)  — 

is  intuitively  clear  that  R  and  C  are  Independent  and  that  C  is  uniformly 


distributed  over  the  set  {C:  E  C.  ■  n}  which  contains  j)  elements.  This 
is  analogous  to  the  basic  result  in  nonparametrlc  statistics  which  says  that 
under  the  appropriate  null  hypothesis  the  vector  of  order  statistics  and  the 
vector  of  ranks  are  Independent  with  the  rank  vectors  having  a  uniform  distri¬ 
bution. 


In  the  argument  that  follows  o+n+1  will  be  equivalent  to  1  when  it  is 
used  as  the  value  of  a  subscript.  Departing  from  the  notation  in  section  (0) 
let  Sj  “  “R(j)  *or  £  *+n  •  The  are  spec  Inga  between 

point 8  in  R  (not  the  spaclngs  between  points  of  P  as  formerly  defined).  B 

-v  *** 


is  the  event  that  none  of  the  points  are  covered  by  an  arc  so  that 

B  occurs  if  and  only  if  sj  >  *  for  all  values  of  j  such  that  Cj  ■  1  and 

C. ..  “  0.  More  Informally  B  occurs  if  every  block  of  consecutive  points  from 
J  mfn 

Q  is  preceded  by  a  gap.  Define  h(C)  ■  7  Ir_  .  r  -•».  Then  by  the 

j-1  1,CJ+1  W 

independence  of  R  and  C  and  equations  (1.2)  and  (1.3)  it  follows  that 
P(bJc«c)  ■  (l-ah(c))?*®”1.  Thus 

T 

P(B)  -  (n^B)’1  l  P(B|C-C)  -  (n^B)"1  l  d^l-ka)^"1 
c  k 

where 

dR  -  j{c:h(c)  ■  k)|  . 

h(C)  is  the  number  of  separate  blocks  of  ones  in  (C^.....C>|&)  when 
the  values  are  arranged  in  a  circle.  Using  simple  combinatorial  arguments 
it  can  be  shown  that  d.  ■  .  ("“J)  (Vf)  .  The  factor  (?’f)  arises  as 


the  number  of  solutions  to  n  *  z^  +  •  ■  •  +  z^  where  the  z^ 

Integers.  The  factor  (®~^)  arises  similarly.  The  factor 
to  properly  account  for  the  circular  symmetry.  Therefore 

EV®  -  (“**) 
m 

which  is  equivalent  to  (2.5).  This  formula  is  symmetric  in  m  and  n.  Thus 
E^V®  -  where  the  subscripts  on  the  expectations  specify  the  number  of 

random  arcs.  The  preceding  proof  motivates  this  symmetry  since  the  points 
P^,...,Pn  and  Q^, . . . ,0^  play  symmetric  roles  in  the  proof. 


1  mAn 


r  m4n  /H-lv /m-lx ,  xn+m-l 

X  IT  (kPi)(*.i)(1-to>+ 


are  positive 
mfn  . 

— is  necessary 


mfn 

Define  G*  ■  ][  1{s  >  a)  ‘  Note  *****  G*  is  not  “®c®®s®rily  equal  to 

k-1  ak 

G  because  the  are  defined  differently  than  in  equation  (2.1).  G*  is 

distributed  as  the  number  of  gaps  when  n+m  arcs  (of  length  a)  are  tossed 
randomly  on  the  circumference.  The  previous  argument  involved  conditioning  on 
C.  By  conditioning  on  G*  yet  another  derivation  of  (2.5)  is  obtained. 

Let  D-  (D1«....DBt|n)  with  >aj.  By  exchangeability  (1.2) 

h  mfn 

the  conditional  distribution  of  D  given  G*  ■  k  is  uniform  on  the  (  ^  ) 

elements  of  {D:  Z  D.  «k).  Since  R  and  C  are  independent,  D  and  C  are 

~  j  ~  ~  *  * 

conditionally  independent  given  G*  and  the  conditional  distribution  of  C 

given  G*  ■  k  is  uniform  on  the  (B+n)  elements  of  {C:IC.«n}.  Thus  the 

m  ~  J 

conditional  distribution  of  the  pair  (C,D)  given  G*«k  is  uniform  over  the 
set  of  (*+n) (a^n)  possible  values. 

The  event  B  occurs  if  and  only  if  ■  1  for  all  values  of  1  such 

-  0.  Again  this  simply  means  that  B  occurs  if  every 


that  C  -  1  and  C... 


block  of  consecutive  points  from  Q  is  preceded  by  a  gap.  Thus 
P(B j  G*  ■  k)  ■  vk/  O  (m^n)  where  is  the  number  of  pairs  (CtD) 

with  G*  ■  k  that  lead  to  the  occurrence  of  B.  Combinatorial  arguments 
yield 


v,  .  y  Hts.  /■-!)  ,n-lu*+n-s. 

k  l  8  ls-lMs-lM  k-s  }  * 
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The  summation  is  over  all  integers  s  with  the  usual  convention  that  (  )  ■ 
if  x  <  y  or  y  <  0. 

To  obtain  this  formula  argue  as  follows.  Remember  that  h(C)  is  the 
number  of  blocks  in  the  circular  arrangement  of  ^ci»C2» *  *  * »Cn+n^ *  It:  was 
earlier  shown  that  |{C:h(C)-s)|  »  (*”,)  (n-?‘) .  Choose  C  with 

h(C)  -  s.  For  B  to  occur  every  block  of  points  from  Q  must  be  preceded 
by  a  gap  but  the  remaining  k-s  gaps  can  be  placed  arbitrarily  in  the  remain 
lag  nrtn-s  positions.  This  can  be  done  in  (  )  ways.  Thus 


|  {(C,D) :  h(C)  -  s  and  B  occurs)  |  ■ 


ting  over  s  gives  the  result. 

Therefore  (since  P(G*  -  k)  -  P  .  (C-k)) 


P(B)  -  EP(b|g*)  -  l  --v-  ~  t  - 
k 


(G*  k)  . 


-  (*+1Q)”  y  ^  (■"h(n”h(*+n 


)  1(k)  . 


m 


Multiply  this  by  P„ .  (g  ■  k) ,  sum  over  k,  and  interchange  the  order  of 

n-Ha 

summation  to  obtain 


.m+n.”*  r  mfn  ,m-l.  ,n-lN .m+n. _  ,GN 
P(B)  -  <  «  >  I  —  (s-l)(s-l)(  s  >  En+m(s) 


Using  (2.3)  and  (2.7)  now  gives 


EVm  .  (m+n}  j  (“"h  (““h  (1-sa)?' 

m  "  s  s—i  s— i  + 


n+m-1 


which  is  the  same  version  of  (2.5)  found  in  the  preceding  derivation.  The 
subscript  j  used  in  and  E^  means  that  the  probabilities  or  expecta¬ 
tions  are  computed  assuming  the  number  of  random  arcs  is  j .  When  there  is 
no  subscript  the  case  of  n  arcs  is  assumed. 


Using  the  method  of  Holst  (the  second  derivation  of  (2.5))  it  is  possible 
to  calculate  the  Joint  distribution  and  joint  moments  of  G  and  V.  A  con¬ 
venient  form  of  the  joint  moments  is  calculated  below.  The  notation  of  the 
second  derivation  of  (2.5)  will  be  used.  In  the  following,  indices  of  sunms- 
tion  will  range  over  all  the  Integers  with  the  binomial  coefficients  (*) 
taken  to  be  zero  if  x  <  y  or  y  <  0. 


E[VP(®)]  -  l  (J)(")ElVPI1...Ij(l-Ij+1)...(l-ln)] 

J 


Precisely  following  the  earlier  derivation  yields: 


-  (“J-1)'1  I  <l-k.)f-1(")  |  <J)<JkH-l>k-J<J+p1> 
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Uith  generating  function  arguments  It  can  be  shown  that 


I  (q>(^ (^^(-1)^  "  <J)(PS1)  * 

(Factor  out  (£)  from  the  sum.  Then  use  the  result  obtained  by  matching 
coefficients  of  x k_1  In  the  Identity  (l+x)k-q(l+x)"p_1  -  (I4x)k_q"p~1.) 

Therefore 

(2.8)  E[VP(S]  -  (n+P"1)  1  l  (l-ka)fp"1(J)(pfq:1)(JS 

H  P  k  ^  *  x— x  q 


with  k  ranging  from  q  to  min(n,p+q) . 


A  second  derivation  of  (2.8)  which  uses  the  Ideas  and  notation  of 
the  third  proof  of  (2.5)  Is  now  given.  (A  similar  but  more  general 
argument  Is  given  in  Section  3  so  that  this  subsection  may  be  skipped 
If  desired.)  The  reader  should  review  the  definitions  of  the  random 
variables  P,  Q,  R,  C,  (S.)  ,  and  the  event  B  which  are  given  in 

**•  ^  X 

the  earlier  derivation. 

Equation  (2.6)  is  V®  -  P(B|P)  so  that  E  V®f(P)  -  E  I_f(P) 

for  all  functions  f(P).  In  particular  E  V*(®)  ■  E  IB() .  Note 

■v  q  o  q 

*  ®+n 

that  G  is  a  function  of  P  whereas  G  -  7  Ir_  .  _•»  Is  a  function 

IS .  >  a} 


1-1  lwi 


of  R  and  not  of  P. 


Por  o  c  {1,2, . . .  ,m+n}  define  H  -  n  {C.-l,  S.>a}.  If  B 

a  jeo  J  J 

is  true,  then  {Cj-1,  S  >  a}  occurs  If  and  only  If  there  Is  an  arc 
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beginning  at  which  is  followed  by  a  gap.  Thus  when  B  is  true, 

occurs  if  and  only  if  there  are  |a|  gaps  after  the  indicated  arcs. 

_  p 

From  this  it  follows  easily  that  £  irIH  "  '  where 

aeT  a  Ha  q 

T  -  {o:|o|  -  q}.  Taking  expectations  yields 

E  V®6  -  l  P(B  fi  H  ) 
q  aeT 

-  (n!m)"1  l  l  P(BnHa|c  -  c) 
a  c 

with  a  ranging  over  the  elements  of  T.  Fix  c  -  (c, ,...,c .  )  and 

l  mu 

define  T  ■  {j :  c^l)  and  X  ■  { j :  Jet  and  j+1  t  t)  with  the  usual 
convention  m+n+1  ■  1.  Note  that  |X|  •  h(c)  where  h(c)  is  as  defined 
in  th*  third  proof  of  (2.5).  Clearly  BfiHa  ft  {C*c)  -  4>  when  a  £t. 

If  OCT  then  given  (c ■  c)  the  event  BOH  occurs  if  and  only  if 
>  a  for  all  j  e  a  U  X  .  Thus  by  the  independence  of  R  and  C  and 
equations  (1.2)  and  (1.3): 

r0  if  a  £  t 

P(BnHa|c-c)  -  « 

a-|X  UCTla)”4®"1  if  OCT. 

Therefore 

E  v“(®>  -  O'1  l  l  (l-lxual.,^1 

q  T  OCT 

with  the  summation  over  T  and  a  satisfying  |t(  -  n,  |o|  ■  q 

and  oct.  X  is  the  function  of  T  defined  by  X  ■  (j :  Jet  and  J+I^t). 
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With  k  “  | 0-X |  the  inner  sum  may  be  evaluated  to  obtain 


(n4l“)  1  I  I  (n-|  X  | }  ( |  X I)  (i_(k+|  x  |  )a)^1B-1  . 
m  _  r  k  4~k  "*■ 


t  k 


Using  a  previously  given  result  |{t:  |X|  -  s}  |  ■  dg  ■  J) 

Thus  the  summation  becomes 


n-m  j  y  SSL  *  .)(l-(s+k)a)“' 

m  L  ,  s  s-1  s-1  k  q-k  + 

s  k 


n+m-1 


There  is  no  need  to  specify  the  ranges  of  s  and  k  in  the  sum  if 
the  usual  conventions  for  the  binomial  coefficients  are  followed.  With 
a  bit  of  algebra  this  becomes 


^n4m-l}  j  OOCt)(i-“n)(1-ta)+r 
»  s,t  8  8~1  n"t  t_q  + 


nx  /.m-lv  /n-Sv  /  s 


.n+m-1 


where  t  -  s+k.  Juggling  the  binomial  coefficients  gives 


i  -  X>  i  Ci><tV 


-  <X>(B£l) 


so  that 


E  V"(q) 


(O-hn-ij  j  (n)(t)(n+,-l)a.t>)»t«-l 


which  agrees  with  (2.8). 
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The  attentive  reader  will  have  noticed  that  the  fourth  derivation 
of  (2.5)  (the  one  which  involved  conditioning  on  G  )  was  just  a 
camouflaged  version  of  the  third  derivation.  A  similar  type  of  camou¬ 
flage  applied  to  the  preceding  argument  yields  a  third  proof  of  (2.8). 
The  notation  and  results  of  the  third  and  fourth  derivations  of  (2.5) 
will  be  used  in  the  following. 

—  Q  Q 

In  the  preceding  proof  it  was  shown  that  E  v  (  )  ■  E  1-0  .  Now 

q  a  q 

* 

condition  on  both  G  and  C. 


since  D  given  G  ■  k  and  C-c  is  uniform  on  {D:  £  D  ■  k)  which 

1 

ha  8  i£")  elements.  Let  s  »  h(c) .  Clearly  G  ■  j  implies  j  >_  s. 

For  ease  of  discussion  say  that  there  is  a  chunk  at  i  if  ■  1. 

Requiring  that  B  occur  determines  the  location  of  s  chunks.  To  make 

G  »  j  distribute  j-s  chunks  in  the  remaining  n-s  locations  i  with 

C,  ■  1.  This  can  be  done  in  (?~8)  ways.  Finally,  distribute  the  last 
l  j  — s 

k-j  chunks  in  the  m  locations  i  with  ■  0.  This  can  be  done  in 
(k”j)  ways.  Thus  |  (D:  G-j  and  B  occurs})  -  (jig) (j^j ) •  Substituting 
i  ■  J-s  gives 


(+)  • 


The  well-known  combinatorial  identity 


a+b-i 

c-i 


) 
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can  be  proved  using  generating  functions.  Use  this  Identity  to  show 


that  (+)  “  Z  i*)  •  Dividing  by  (®£°)  *nd  using 


.m+n-s-i*  /  ,m+ru  ,  k  .  ,  ,m+nx  . 

< k-.-i )/( k  >  ■  W'W  *lv~ 


E(iB(S|o*-k,c.c)  -  £  (  ‘  > 


where  s  -  h(c) . 

*  * 

G  is  Independent  of  C.  G  is  distributed  as  the  number  of  gaps 
G  when  there  are  m+n  random  arcs.  Thus 


E(C*)is"c)  ■  o(i-<s+i)a)r-1 


by  (2.3).  Unconditioning  in  (*)  therefore  yields 


E(lBq)|c-c)  -  l  (q.iX  i  )( l-(s+i)a)* 


.m+n-1 


Now  use  Pf C»c}  »  (ln+n)  2lS.  (®  (n  *■)  with  s  ■  h(c)  to  obtain 
~  ms  s— i  s—i 


E  IB(S  -  E  vV)  -  l  l  ^ 


Precisely  following  the  preceding  derivation  from  this  point  on  one  again 
obtains  (2.8). 


The  following  computation  gives  a  fourth  argument  for  (2.8).  As 
In  section  (0)  let  si»***»sn  be  the  s pacings  generated  by  the  points 
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P1,...,Pn  so  that  (2.1)  and  (2.4)  holds.  For  o  c(l,2,...,n}  define 

H  -  i'i  (S  >  a).  Clearly 

jea  3 

(®)  ■  [  L  where  T  -  {a:[o|  -  q)  . 

q  creT  “a 

Therefore 

E  VP(®)  -  l  E  VPT  -  (“)E  VPL 

q  aeT  “a  q  % 

where  O  m  {1,2, ...,q).  This  follows 
from  the  exchangeability  (1.2). 

-  (q)P(H0)E(Vp|Ha)  -  (“)(l-qa)“_1  E(VP|Ha) 

by  (1.3). 

It  follows  from  (1.4)  that 


£((Sj-a)+ . ^Sq”a^-f,Sq+l»  *  *  *  »SxJHa^ 

•  X((l-qs)(Slt...,Sn))  . 

Define  (U.,...,U  )  so  that 
x  n 

^D1 . Bn*  "  i^sl",*+’-"’*Sq"a)+*S(t+l . snlHa> 


T  '  ill  <Sl'a)* 


and  thus 


Now  use  (*) 


£<V|H  )  -  £(  l  U  +  [  (U  -a)  ) 

°  i-1  1  i-q+1  1  + 


£(  f  (l-qe)S.  +  l  ((l-qa)S.-a)  ) 

*  J _ I  1  *  T 


i-1 


i-q+1 


-  £((l-qa) (  f  S.  +  l  (S  -b).))  with  b  - 
1  i-q+1 


i-1 


a 

1-qa 


Thus 


E(VPlHn)  -  (l-qa)p  Ef  ?  S.  +  l  (S.-b) .]’ 

i-1  1  i-q+1  1 


and 


E  VP(®)  -  ("Xl-qa)?**”1  E[  ?  S  +  f  (S  -b>  ]P  . 
q  q  +  i-1  1  i-q+1  1  + 


Using  the  nultlnonial  expansion  gives 


El  l  S  +  l  (S  -b)  JP  - 
i-1  1  i-q+1  1 


I 


q  O.  n 


)E(  n  S  *  n  (S .-b)  ) 


O  al . an  i-1  1  i-q+1  1  + 


where  a  -  (c,f and  the  sun  ranges  over  (asSo^-p)  .  Let 

B(a)  -  {j:j  >  q  and  o.  >  0>,  v(a)  -  |b(o)|,  and  A(o)  -  fl 

J  JeB(o] 

Imitating  the  calculation  in  the  first  derivation  of  (2.5)  yields 


q  ai  n 

-  P(A(a))E(  n  s.1  n  (s.-b).1|A(a)) 

i-1  1  i-q+1  1  + 

-  (l-bv(O))?"1  {<l-bV(ff))J  E(  n  s%) 

i-1  1 

•  <w*»rW  jj  V  • 

Therefor* 

E[  l  S  +  l  (S  -b)  ]P  -  l  (l-bv(a))“+P_1  . 

i-1  1  i-q+1  1  +  p  a  + 

Using  b  -  •j—jj-  and  substituting  in  the  earlier  expression  for  E  V* (®) 
gives 

EVPC®)  -  (“x”*^1)  1  l  (l-OrMa))*)^1  . 

By  easy  combinatorics 

|{c:q+v(o)-k}|  -  • 

(How  many  ways  can  p  indistinguishable  balls  be  placed  in  n  boxes 
so  that  exactly  v(o)  -  k-q  of  the  last  n-q  boxes  are  nonmpty? 

First  choose  the  k-q  nonempty  boxes  in  says.  Place  one  ball 

in  each  of  these  k-q  boxes  and  distribute  the  remaining  p+q-k  balls 
in  the  allowed  k  boxes  in  (^’^)  ways.)  Thus 


e  v»<«) .  (“xT1)*1 1  cxw^r  • 

q  q  p  ^  *~q  *■*  + 

Sine*  (“)(?■;)  -  (?)(*)  this  is  ths  Mtt  as  (2.8). 
q  x-q  k  q 

The  special  cases  p  -  1  or  q  ■  1  of  equation  (2.8)  can  be  easily 
derived  by  other  methods. 

Allow  the  arcs  to  have  a  variable  length  t  and  define 

n  n 

G(t)  -  l  I  r.  i  and  V(t)  -  £  (S  -t)  • 

1-1  l5i  t;  1-1  1  + 

Then  -  ~  -  G(t)  which  suggests  the  following  formal  manipulation: 

-  E(V*fl)  -  E(-  ^  V**1)  -  (m+l)E(V®G) .  It  Is  straightforward  to 

rlgorlse  this  argument  (replace  the  derivative  by  a  difference  quotient 
and  use  bounded  convergence).  Thus  differentiation  of  (2.5)  leads  to 

Ett-G)  -  £  O’1  I  0  <k!i>  (n—Ml-k.) J***1 

which  Is  equivalent  to  (2.8)  with  q  -  1. 

Let  a  denote  a  subset  of  {l,2,...,n}  and  define  T  -  {o:|o|-q}. 

A  little  thought  suffices  to  verify  that 


I  <n 

oeT  ieo 


{S1>a> 


Hi 

jeo 


<8J-V 


(6-1 

VI 


)v  . 


The  expectation  of  the  left  hand  side  is 


"  (q)  PfS^ ^ a, • • • >  a}  qE[  (Sj-a)+| >  * . >  a] 

-  (“Xl-,.)^1  ,(i  (l-,«)+l  -  (“~j)  Cl-q*)“  . 

The  first  two  llnss  follow  from  (1*2).  Ths  third  line  uses  (1.3)  and 
(1.4).  Therefore 

-  (“:i>a-v>°  . 

This  equation  Is  different  from  (2.8)  with  p  ■  1  but  with  soae  algebra 
the  two  equations  are  seen  to  be  consistent. 


3.  Random  Arclength. 

Now  consider  the  general  case  where  the  arc  lengths  have  an 
arbitrary  distribution  F.  Somewhat  different  methods  are  necessary  at 
this  level  of  generality.  For  Instance  the  formulas  (2.1)  and  (2.4) 
have  no  simple  analogues. 

A  formula  for  the  moments  of  G  has  been  developed  by  Holst  and 
Siegel.  Their  argument  follows.  Let  be  the  subset  of  the  circum¬ 
ference  covered  by  the  1th  arc  (the  arc  with  endpoint  P^  and  length 

L.).  Define  H.  “  (P.  t  U  A.  and  L.  <  1}.  H.  occurs  when  the  counter 

1  1  J*i  J  1  1 

clockwise  endpoint  P^  of  A^  is  not  covered  by  any  of  the  arcs.  The 

n 

gaps  and  the  uncovered  P.  are  in  one-to-one  correspondence,  G  -  \  I_  . 


For  T  c  {1,2 . n)  define  H  ■  fl  H  .  |t|  denotes  the  cardinality 

T  lex 

of  T  .  It  is  easy  to  see  that 

(®)  -  I  with  T-{t:|T|-q}. 

q  TCT  HT 

The  events  HT  in  the  sun  are  equally  probable  (since  the  arcs  are 

l.i.d.)  so  that  taking  expectations  yields  E(®)  ■  (“)P(H0>  where 

a  »  {l,2,...,q}.  H  is  the  event  that  Pj^Pj . pq  are  uncovered. 

Let  be  the  clockwise  ordering  of  the  points 

Plt...,P^  with  P^  -  Let  be  the  corresponding 

ordering  of  L^«...(L^.  Define  -  ^(i)*  *or  i  <.  k  <_  q  define 

Sfc  to  be  the  clockwise  distance  from  P^j  to  •  Observe  that 

this  notation  differs  from  that  given  in  section  (0). 

Let  D.  be  the  event  that  A.  H  (P, » . . . ,P  )  ■  <fr  so  that  D  occurs 
i  i  l  q  x 

when  the  i**1  arc  does  not  cover  any  of  the  points  P^,...,P  .  Then 


3_  -  [  n  (s.  >  l.  .}]  n  [  n  dj  . 

°  i-l  1  (±)  i-q+l  1 


The  random  variables  P, , . . . ,P  >  L. , . . . ,L  are  mutually  independent 

x  n  x  n 

with  the  L1  distributed  according  to  F.  Thus 


4 

P(H  |p. , . • . ,P  )  -  <  n  F(S.))[P(D  |P.,...,P  )]' 

OX  Q  i.i  A  n  x  4 


Let  Ck  be  the  event  that  the  arc  Aq  lies  between  P^j 

q 


P,...*.  D  »  U  C.  .  The  C.  are  disjoint. 

\>CtX^  n  ^  ^ 
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»«k|?i . v  •  “KkMi . V 


A 

-  8«Sk-Ln)+|Sk)  -  (Sk-A)+  dF(t) 

rSk  rSk  fSk 

■  j  dF(l)  j  dx  ■  J  F(x)dx  . 


Define  g(s)  -  /  F(x)dx  eo  that  P(C.  |p, . P  )  -  g(S.).  Then 

0  *  X  q  x 


P(D  |P 


1 . pfl)  "  H 

A  q  k-1 


8(SV) 


k'  * 


Therefore 


<“)  P(Ha)  -  ("JEP^IPj^ . P  ) 


(3.1) 


-  (*)  E(  n  FCS^C  l  g(Sk)}n_q)  -  E(S 
q  1"1  k»l  q 


where  . S  are  the  spacings  between  q  points  chosen  uniformly 

q  s 

on  the  circle  and  g(s) =  fn  F(x)dx  . 


A  general  expression  for  the  moments  of  V  is  due  to  Siegel.  His 
argument  uses  the  Idea  of  the  third  derivation  of  (2.5).  Choose  points 
Ql»>..»Qp  distributed  Independently  and  uniformly  on  the  circumference 
and  Independent  of  P^,...,Pn>  Again  let  A^  be  the  subset  of  the  circum¬ 
ference  covered  by  the  i**1  arc.  Let  B  be  the  event  that  all  the  points 

n 

He  In  the  vacancy.  B  occurs  If  and  only  if  {Q^»...>Qp}  fi  (  U  Aj)  ■  $ 
Repeating  the  argument  for  (2.7)  gives  EVP  -  P(B). 


2 


Let  D.  be  the  event  that  A.  H  (Q. , . . . ,Q  }  -  $.  B  •  fl  D . . 
1  1  1  p  i-1  1 

The  events  D^,...,Dq  ere  conditionally  Independent  and  equally 

probable  given  Thus 

PCB^ . Qp)  -  {PtDjQj^ . g(Sk)>“ 


as  in  the  derivation  of  (3.1).  S-,...,S  are  the  spaclngs  between 

1  P 

Q^,...,Qp.  Therefore 

p 

(3.2)  P(B)  -  E  P(B|Q ...... Q  )  ■  E  VP  ■  E{  /  g(S.)}" 

p  k-1 


where  S^, . . . ,S  are  the  spaclngs  between  p  Independent  uniformly 
chosen  points  on  the  circumference  and  g(s) =  /*  F(x)dx  . 


The  ideas  in  the  derivations  of  (3.1)  and  (3.2)  can  be  combined  to 

obtain  an  equation  for  the  joint  moments  E(G)VP.  Use  the  notation  from 

the  derivation  of  (3.2).  It  follows  as  in  the  proof  of  (2.6)  that 

P(B|p, y . . . jP  y L. i . . . yL  )  *  Vp .  G  is  a  function  of  P> y . . . §P  . L. y . . . y L 
'  i  n  i  n  i  n  i  n 

Thus 

-  *t(®)*«B|Px . rn,\ . V1  ■  "l?1.  • 


Let  H  and  T  be  defined  as  In  the  derivation  of  (3.1). 
T 


and  hence 


EC®)!-  -  l  P(B  HH  )  -  (“)P(BnH_)  withO  -  (1 . q}  . 

q  b  tct  t  q  a 


The  events  B  fl  H,  in  the  sum  ere  equally  probable  because  the  arcs 

A.  are  i.l.d.  and  Independent  of  Q.,...,Q  .  BOH  is  the  event  that 
j  P 

none  of  the  points  P^,...,P^,  Q^,...,Q^  are  covered  by  any  of  the  arcs. 

Let  R  -  (R^ . Rp+q)  be  the  c100*0*1-8®  ordering  of  the  points 

{P1,...,P^,Q1#...,Qp}  with  R^  -  Pj^.  Define  £  c  (1,2, . . .  ,p+q)  by 

ie£  if  and  only  if  R.  e  {P-,...,P  }.  £  is  a  random  set.  Let 

i  i  q 

£  ■  {£..»•*•»£  J  with  £,  <  £_  <  •••<£  •  Let  L...  be  the  length 
x  q  X  l  q  vKJ 

of  the  arc  beginning  at  R>  .  Denote  by  S  the  clockwise  distance 
from  R^  to  Ri+1  where  R^t^( ^  =  R^.  Let  D^  be  the  event  that 
Aa  H  (P^t ...  »Pq»Qj^»  •  •  •  *Qp)  "  Di  occur8  if  Aj_  does  not  cover  any 
of  the  points  in  R. 

Using  the  above  notation 


q  n 

b  n  h.  -  (  n  {sF  >  l.  .))  n  (  n  d  )  . 

k-1  w  J-q+1  J 


Knowledge  of  R  and  £  determines  P, ,...,P  ,Q.,...,Q  .  Thus  condL 
*•  x  q  a  p 

tioning  on  R  and  £  is  equivalent  to  conditioning  on  P^,...#P  , 

Q, ,...,Q  .  The  mutual  independence  of  P, ,...,P  ,L, , . . . ,L.Q, , . . . ,Q 
x  p  xnxnxp 

implies 


P<BnHlR,0  -  (  n  F(S  )}[P(D  |R,0]n~q  . 
a  ~  i-i  H 


Arguing  as  in  the  proof  of  (3.1)  gives 


26 


so  that 


P(D  |R,5)  -  1  g(S.) 

n  “  j-l  2 


q  p+q 

P(B  HH  |r,C)  -  {  n  F(S>  )}[  l  g(S  )]n_q  . 
0  ~  kFl  5k  j-l  2 


Clearly  R  and  K  are  independent  and  hence  taking  expectations  yields 


p(b  n  hoU)  - 


n-q^ 


where  S, , . . .  ,S_ . _  are  the  ordered  s pacings  between  p+q  points  chosen 
l  p+q 

uniformly  at  random  on  the  circumference.  The  distribution  of 
(S. . S  .  )  is  exchangeable  so  that  P(BflH  |£)  does  not  depend 

i-  pT<J  O 

on  £  and  thus  P(BflHa|C)  -  PCBDH^).  Taking  £  -  {1,2,..., q} 
then  gives 


_  q  p+q 

(3.3)  E  VP<®)  -  <“)  E(  H  P(S  ){  l  g(S  )}n'q) 

q  q  W  k  j-l  j 

g 

with  S S  as  defined  above  and  g(s)  -  /_  F(x)dx  . 


The  expression  (3.3)  can  be  explicitly  evaluated  for  the  following 


class  of  distributions: 


F(x)  -  X(x-a)+  where  0  £  a  <  1,  P  >  0  and  X  *  (1-a)" 
Then  g(x)  -  (x-a)B+*  and  (3.3)  becomes 


E  VP(G) 

q 


_  q  o  p+q  \  o . ,  n-q 

-  (“)E{(  n  X(S  -a)B)(  l  ^  (S.-a)B+1)  } 

q  kFl  k  +  j-1  0+1  j  + 


.n 

(”)  — - 

q  (P+1) 


o,  (P+1) 


5-  Ua  (V>  «  b,-'1 . ) 

”  q  O  °1 . °p+q  k-1  k  +  j-1  3  + 


with  summation  over  all  a  -  (0^,0^, . . . .q^^)  satisfying  E  ■  n-q 


Now  define 


B(o)  -  {1,2,. ...q)  U{j:  Oj  >  0}  ,  b(q)  -  |B(a)| 


A(o)  -  0  (S  >  a)  . 

jeB(a)  3 

Imitating  the  calculation  in  the  first  derivation  of  (2.5)  yields 


o. (P+1) 


E(  n  (S.-a)*  n  (S.-a)  3  ) 

k-1  k  +  j-1  3  + 


q  P4C  (p+1)  p+q  a.  (P+1) 

P(A(0))E[  n  (S  -a)  *  n  (S.-a)  k  |A(a)] 

k-1  R  +  k^q+1  R  + 

.  « ,  .  q  P-KT,  (P+1)  p+q  O.  (P+1) 

(l-ab(a))p+q"1{(l-ab(a))qB+(n_q)(8+1)E(  n  S.  k  V  S  k  )} 

k-1  k^q+1  K 

d-ab(q))p4tlB4n~1  n  r((p+i)(a.+D)  n  rd-w  (p+1)). 

+  r(p+n  P+n)  kMl  k  k.q+i  k 
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Plugging  this  expression  Into  (*)  gives 


(3.4) 


E  VP(G)  -  (n)  - - 

q  q  (l-a)nB(B+l)n_q  IXp+ng+n) 


l  (_  n_q  )(i-ab(a))p4l,e‘Kl"1  n  rc(B+i)(o.+D)  V  rci-w  (b+d) 

a  al’“*»ap+q  k-1  *  k-q+1  k 

with  che  summation  over  all  a  »  (o. . a  )  satisfying  L  o  -  n-q  . 

i  p+q  1 

The  expression  (3.4)  simplifies  in  a  few  special  cases.  Letting 
3  4  0  gives  F(x)  =  >  ^  in  the  limit.  Thus  setting  3*0 

in  (3.4)  should  produce  the  result  for  the  case  of  constant  arc  length. 

Putting  3*0  and  simplifying  yields 


-1 


E  VP(G)  -  (n)(2Th  l  (l“ab(o))?+P~1  • 
q  q  p+q-1  “  + 


A  simple  combinatorial  argument  shows  that 


|  (as  b(o)-k}|  =  (  p  )(”‘J)  . 


(How  many  ways  can  n-q  Indistinguishable  balls  be  placed  in  p+q  boxes 
so  that  exactly  k-q  of  the  last  p  boxes  are  nonempty?  First  choose 
the  k-q  nonempty  boxes  in  (^Pq)  ways.  Place  vie  ball  in  each  of 
these  k-q  boxes  and  distribute  the  remaining  n-k  balls  in  the 
allowed  k  boxes  in  (£”J)  ways.)  Therefore 


-1 


e  vP<")  ■  i 


which  Is  easily  seen  to  be  the  same  as  (2.8). 


If  p  ■  0  then  Kcr)  •  q  for  all  O.  Thus  setting  p  -  0  in 


(3.4)  gives 


G  nKl-qa)”84®"1  q  r((0+l)(ok+l)) 

E<q>  q(l-a)n8(e+l)n_q  r(n0+n)  o  k^l  r<CJk+1) 


where  the  summation  is  over  {(o^,...,0  ):£a^*n-q). 


Some  slight  simplification  also  occurs  upon  setting  q  ■  0  in 


(3.4). 


(l-a)n6 (0+l)n  IXp+n0+n)  o 


I  (.  n  -  )  (l-ab(a))f+n8+n~1  5  1X140.40.6) 

a  °1 . CTp  +  k-1  k  k 


where  the  summation  is  over  all  0  -  (0, «... ,0  )  satisfying  E  o.  ■  n 

ip  I 

and  now  b(0)  ■  | { j j  o^  >  0}|  . 


Arclengths  With  the  Uniform  Distribution. 


In  the  special  case  where  the  arc  lengths  have  the  uniform  distribu¬ 
tion  (F(x)  •  x)  simplifications  occur  which  permit  the  calculation  of 
many  quantities  of  Interest  by  entirely  combinatorial  means.  This 
simplification  results  from  the  following  observations. 

Let  P  and  L  be  independent  random  variables  with  P  chosen 
uniformly  on  the  circumference  and  L  having  the  uniform  distribution 
F(x)*x  for  0  <  x  <  1.  P  and  L  together  determine  a  random  arc. 

Let  Q  be  the  clockwise  endpoint  of  this  arc  (which  has  length  L  and 
counterclockwise  endpoint  P) .  The  conditional  distribution  of  Q  given 
P  is  uniform  on  the  circumference.  Thus  P  and  Q  are  independent. 


Clearly  the  uniform  distribution  is  the  only  distribution  for  the  arc 
lengths  which  makes  the  endpoints  P  and  Q  independent.  Denote  by 
[8,t]  the  arc  whose  counterclockwise  and  clockwise  endpoints  are  s 
and  t  respectively.  Since  P  and  Q  are  i.i.d.  it  follows  that 
[P,Q]  and  [Q,P]  are  Identically  distributed.  [P,Q]  and  [Q,PJ 
are  complementary  arcs:  they  are  disjoint  and  their  union  is  the  entire 
circumference. 

Now  consider  tossing  n  independent  arcs  with  uniformly  distri¬ 
buted  arc  lengths.  Using  the  previous  observations  and  notation  these 

n  arcs  can  be  written  as  . [X^Y^]  wllere  X^, . . .,X  ,Y^, . . . ,Y 

are  independent  and  distributed  uniformly  on  the  circumference.  Choose 

u  uniformly  at  random  from  the  elements  of  (X^, . . .,Xn,Y^ . Y^}.  ^et 

Z1,Z2, . . .,Z2n  be  the  clockwise  ordering  of  the  points  X^, . . . ,Xn,Y^, . . . .Y^ 
with  Z^  ■  u.  Define  Z  **  (Z^, « • « »Z2^) .  Let  5  » (^2*^2^ » •  •  • » 

be  defined  by  ■  (i,j)  if  and  only  if  i  <  j  and  {Z^Z^}  -  {X^Y^. 

Now  define  the  orientations  X  ■  (X^,...,Xn>  by 

1  if  [  W " [W  • 

1  if  [Z  , Z_  ]  ■  [X.  ,Y .]  . 
nk  *k 

Thus  Z  determines  the  2n  endpoints,  £  partitions  the  endpoints  into 
n  pairs,  and  X  orients  each  of  these  n  pairs  to  obtain  n  arcs 
(each  pair  of  points  {s,t}  has  two  orientations  which  give  the 
complementary  arcs  [s,t]  and  [t,s]).  Since  X^, . . . .X^.Y^, . . . ,Yn  are 
i.i.d.  uniform,  Z,  X  and  £  are  Independent  with  £  uniformly  distri¬ 
buted  on  Its  set  of  (2n)!/2n  possible  values  and  X  uniformly  distributed 
on  Its  set  of  2n  possible  values. 


With  the  usual  convention  Z2q+1  ■  Z ^  define  to  be  the  length 

of  [Zk»Zk+^].  Let  S  ■  (S^ . S2n).  S  consists  of  the  spacings 

between  2n  points  chosen  uniformly  and  independently  on  the  circum¬ 
ference.  For 


1  <  i  <  2n  let  M.±  -  |  {k:  [Z^Z^J  c  [Xfc,Yfc]>  [ 


so  that  M-^  is  the  number  of  arcs  [X^,Y^]  which  cover  [Z^,Z^+^]. 
Define  the  covering  vector  M  -  (M^, . . .  ,M2ft)  .  M  is  determined  by 
£  and  X  since 


<*) 


M,  *  I  where 

1  k-1  * 


Jik"  I{xk-i,5k<1<nk}+I{Xk—  ]J(1"1{5k<i<Tik})  * 


The  Xk  are  i.i.d.  and  Independent  of  £  so  that  J^J^, . . . ,  are 
conditionally  Independent  given  £  with 


P{Jlk-l|£}  -  P{j4t-0|£}  -  £  . 


ik 


Thus  the  distribution  of  is  Binomial  (n,  y)  . 

Define 


2n 

Gk  ’  I{M1-k} 


and 


2n 


Vk  ■  Jl  ' 


Gk  is  the  number  of  segments  [  Z  ^ ,  Z ]  which  are  covered  k  times. 


1 


1 


Vk  Is  the  length  of  that  portion  of  the  circumference  which  Is  covered 
k  times.  To  relate  this  with  the  notation  of  the  previous  sections 
note  that  G  ■  Gq  and  V  “  Vq.  From  the  definition  it  follows 
immediately  that 

2n<?) 

E  Gk  -  2n  PfMj-k}  -  n  . 

Since  S  and  (£,X)  are  independent  it  is  immediate  that 

■"w>  <%» 

(n) 

E  Vk  -  2n(E  S1)(p{M1-k})  -  . 

The  random  variables  Gfc  and  obey  some  obvious  constraints. 

J  M±  -  Mi+1 1  -  1  for  all  i  where  H2n+1  5  **1*  Thus  is  *“ 

number  if  and  only  if  M.  .  is  odd  which  implies  £  G.  -  £  G.  ■  n. 

1  k  even  K  k  odd 

n 

Also  l  V  -  1. 
k-0  K 

M  is  determined  by  £  and  X  as  shown  previously.  Write  this 
dependence  as  M  ■  f(£,X).  Define  M’  ■  f(£,-X)  where  -X  •  (-X.,...,-X  ). 

-X  and  X  are  identically  distributed  and  £  and  X  are  mutually 
independent.  Thus  M’  and  M  are  identically  distributed.  M*  is  the 
covering  vector  that  would  be  obtained  using  the  complementary  arcs 
[YpXjJ , . . . ,  IYn»xnl  •  From  (*)  it  follows  that  (M£» . . .  jM^)  *  (n-M^, . . .  .n-l^) . 
Thus  (n-M1,...,n-M2n)  and  (M^, . . . ,M2n)  are  identically  distributed. 

From  this  it  follows  immediately  that  G^  and  GQ_1  are  identically 
distributed  for  all  1.  Similarly  and  are  identically 

distributed. 


The  ordered  pair  (E,X)  is  uniformly  distributed  over  the  set 
of  (2n)l  possible  values.  Thus  any  random  variable  (such  as  Gj) 
which  is  a  function  of  £  and  X  can  be  Investigated  by  purely 
combinatorial  methods. 

S  Is  Independent  of  £  and  X  so  that  £(V.  |G.«j)  ■  X(St+»*»+S.) 

^  K  K.  X  j| 

Thus 

(J+P-1) 

E<V»|Gk-J)  -  E(S1+-..+S/  ■  2^r 

'  P 

and  consequently 

E  vj  -  E{E(vJ|Gk)}  -  (2nJP_1)  1  E(Gk+^  1)  . 

Using  an  elementary  binomial  Identity  this  becomes 

(4.1)  E  v£  -  (2bJP“1)  1  E(Ck+^  l)  -  (2n+P-l)  1  ^(P-l)E(Gk} 

This  expression  allows  the  moments  of  to  be  computed  comblna- 

torlally.  Formula  (4.1)  can  Itself  be  proved  by  combinatorial  arguments 
(which  use  the  same  basic  idea  as  the  third  proof  of  (2.5)).  However, 
even  though  most  quantities  of  interest  can  be  computed  comblnatorially, 
analytic  arguments  are  generally  preferred  because  they  are  usually 
less  tedious  and  notationally  simpler. 

All  the  moments  of  Gq  and  Vq  are  obtained  by  straightforward 
evaluation  of  the  expressions  (3.1)  and  (3.2)  (just  use  the  multinomial 
expansion  followed  by  the  Dirichlet  Integral).  One  way  of  writing  these 
moments  which  is  useful  for  purposes  of  comparison  is  given  below. 


(4.2) 


2n  9  nl 
q  2n(2n) ! 


X 

a  i-1 


q  (20.)! 
n  — -1 


with  suasation  over  ell  q-tuples  0  -  (0^,...,0^)  satisfying  Z  c  ,  -  n 
and  0^  >  0  for  all  1. 


(4.3) 


2n  (  nl  . >2n+p-l. _1  v  J  (2gi* 1 

P  2n(2n) !  P  1  i!l  <V 


with  sunmatlon  over  all  p-tuples  o  ■  (0^,...,0p)  satisfying  Z  o^-n 
and  oi  0  for  all  i.  The  crucial  difference  between  these  two 
expressions  is  that  0^  >  0  in  (4.2)  and  o^  0  in  (4.3).  Using 
(4.2)  and  (4.3)  allows  one  to  verify  by  inspection  the  validity  of 
(4.1)  in  the  case  k  ■  0. 

The  first  moments  of  Gfc  and  were  given  in  the  previous 
subsection.  The  second  moments  of  and  for  arbitrary  k  are 

now  obtained.  Choose  points  and  Q2  distributed  uniformly  and 

Independently  on  the  circumference  and  Independent  of  X^,...,Xn, 

. Yq.  Define  V±  »  |{k:  (^e  [X^.Y^] }  | .  is  the  number  of 

arcs  which  contain  Q^.  Following  the  derivation  of  (2.7)  gives 

EvJ«  P{W1-W2- t). 

An  arc  [X^,Y^]  will  be  said  to  separate  and  Q2  if  it  con¬ 

tains  one  of  the  points  but  not  the  other.  Observe  that  [X^.Y^l 
separates  and  Q2  if  and  only  if  the  complementary  arc  [Y^.X^] 

separates  and  Q2>  Let  6  be  the  number  of  arcs  which  separate 

and  Q2.  This  may  be  written  as 


0  - 


w  ,IVtVkirI{'VtVVl1 
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The  above  observation  says  that  9  does  not  depend  on  the  orientations 

X  of  the  arcs  and  so  must  be  a  function  of  Q^,  Q2,  Z  and  £. 

Condition  on  Q, ,  Q_,  Z  and  £  so  that  these  quantities  may  be 

considered  as  fixed  in  the  following  argument.  Let  A  be  the  number 

of  arcs  which  contain  but  not  Q2>  Let  B  be  the  number  of  arcs 

which  contain  both  and  Q2>  Then  -  A  +  B  and  W2  “  (0-A)+B. 

Since  the  orientations  X.  ,...,X  are  i.i.d.  (and  independent  of 

l  n 

Ql*  ^2*  Z  and  ^  ^  with  PfXj-l)  -  P(Xi--l}  *  j ,  the  random  variables 
A  and  B  are  Independent  with  A  ^  Binomial  (6,  y)  and 
B  'V*  Binomial  (n-0  ,y) .  ■  W2  •  t  if  and  only  if  A  •  y  and  B  -  t  - 

Thus  the  event  {Wi»W2»t}  is  impossible  unless  6  is  even.  Set 
0  -  2k.  Then 


P{A-f) 


(2k 
v  k; 
,2k 


and 


P{B-  t -|) 


,n-2k. 
Ct-k  1 
2n-2k  * 


Multiplying  these  probabilities  gives 


P(W1-W2-t|Q1,Q2,Z,|} 


_1  ,2k. ,n-2k 
2n  ' k ; 't-k 


)  . 


This  conditional  probability  depends  only  on  6  so  that 


pf wi  -  «2  - 1 1  e  -  2fc}  -  -i  . 

It  remains  to  evaluate  P{6*m}.  Condition  on  and  Q2  so  that 
these  points  are  fixed  in  the  following  argument.  Let  R^  be  the  length 
of  the  arc  [Q, ,Q»]  and  R,  -  1-R. .  Let  I.  be  the  indicator  of  the  event 


®|«M 


{ separates  and  Q2).  Then 
clearly  1.1. d.  with  PCl^-l)  -  2RjR2. 
and 

a  n-m 

PfG-nlQj^.Qj}  -  (^)(2R1R2)“(Rj  +  Rp 
2  2 

since  1-2R^R2  -  R1  +  R2  •  Taking  expectations  yields 

P{0  ■  m}  -  <^)2m  E{R^R®(rJ  +  R2)  "*} 

where  R^  Is  uniform  on  (0,1)  and  Rj  +  Rj-l.  Use  the  binomial 
expansion  followed  by  the  beta  Integral  to  evaluate  this  expression  and 
obtain 


0  -  z! 


kFl 


. 


are 


Thus  JC(0 1 »Q2)  ■  Binomial  (n.lRjR^ 


2®(“)  n-m  -  -1 

**-",-T*  }l  • 


Substituting  the  previous  results  in  the  expression 


P{W1-W2-t)  -  l  P{W1-W2-  t|0-  2k}p{0-  2k} 


and  simplifying  the  binomial  coefficients  yields 


(4.4) 


2n(2n+l) 


2n  } 
2j+2k' 


-1 


with  the  sums  taken  over  all  Integers  k  and  j  and  assuming  the  usual 
conventions  (*)  ■  0  If  y  <  0  or  x  <  y. 
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From  (4.1)  It  follows  that 


-1 


E  -  C2lf)  (EGt  +  E(2t)}  . 


Since  E  -  2n(a)/2n  formula  (4.4)  also  allows  lnmediate  calculation 


of  E(^). 


The  expression  (4.4)  can  be  rewritten  to  more  closely  parallel  (4.3): 


E  V”  -  n{ 
t  «n 


n!  j  (2n+1)-1  l  <201)!(2CT2)!  v  ,k,n-2kw°l 


2  (2n) ! 


a  al,02I 


I 

k 


where  the  summation  is  over  o  -  (cr^,c\.)  satisfying  a1  +  cr2  “  n  and 
al  >_  0,  c,  >_  0.  This  expression  can  be  modified  to  obtain  a  formula 

for  E(  ^  *>y  simply  deleting  the  factor  of  (2n21)  and  requlr  lng 

>  0  and  a2  >  0  in  the  sun. 

Gi 

An  expression  for  E(  L)  will  now  be  given.  For  T  c  (1,2, . . . ,2n-l,2n) 

Gl 

define  H  -  0  {M  -  l) .  Then  (  )  ■  J  L  with  T  -  (x s  I T  |  -  p)  . 

„T  lex  1  p  xeT  ”x 

We 

Thus  E(  )  ■  7  P(H_).  Since  (£,X)  Is  uniformly  distributed  over 
P  T€T  T 

the  set  of  (2n)  I  possible  values  P(HT)  ■  j  |{(|,X):M1»1  for  lex}|. 

Let  T  «  . Tp}  with  K  J2  <  ***<Tp'  Deflne  a±  *  \  ^Ti+l”Ti^ 

for  1  <  1  <  p-1  and  a  -  n  -  (o,  +  ...+0  .).  Since  |m.  -M...  I  -  1 

~  ~  p  i  p~x  i  iti 

for  all  1  it  is  clear  that  P(HT)  -  0  unless  a^,...,Op  are  all 
positive  Integers. 

Routine  but  tedious  counting  arguments  show  that 


nf  P  P  (2<y<): 

{«,X):M.-1  for  iex}|  -  51  {(  n  (2o.+l))  -  (n+1)}  II  —  f—  . 

1  2  1-1  1  1-1  0i’ 
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To  motivate  this  answer  note  that 


K(€,X):M-0  for  let}  -  *1  IT  — "V 
1  2°  i-1  V 


Now  show  that  every  pair  (£,X)  which  leads  to  -  0  for  let 

P 

can  be  modified  In  {(II  (2a. +1))  -  (n+1)}  different  ways  to  yield 

1-1  1 

pairs  (£»X)  with  M,  -  1  for  lex  . 

•v  <v  1 

Dividing  by  (2n) !  and  summing  over  t  e  T  gives 


(4.5)  E(  l)  -  ^ 
P  P 


n!  r  P  ,  P  <2a4>! 

— ^ —  l  {(  n  (2a  +i))-(n+i)}  n  — ±1- 

2n(2n) 1  a  1-1  1  1-1  V 


with  the  8unmatlon  over  all  p-tuples  a  -  (a^, ....  a^)  satisfying 
la.  -  n  and  a.  >  0  for  all  1.  The  factor  —  arises  when  the  sum 

11  p 

over  the  subsets  t  is  transformed  into  a  sum  over  the  partitions  a . 

n  Cl  Gl  Cl 

To  obtain  E  V,  use  (4.5)  to  calculate  E(  ),  E(  ),..., E(  ) 

1  1  £  p 

and  then  plug  these  values  Into  expression  (4.1).  Expression  (4.5) 

can  be  modified  to  obtain  a  formula  for  E  vj  by  throwing  in  a  factor 

of  (2n+P~X)  and  extending  the  sum  to  allow  a .  0  for  all  1. 

P  * 

Gu 

Expressions  for  E(  ^  along  the  lines  of  (4.5)  can  be  found  for 
arbitrary  k  and  p.  They  are  not  given  here  because  (in  their  present 
form)  these  expressions  are  quite  cumbersome. 


Define  £  ■  *  *  * »^2n^  ^  where  M0  S  M2n* 

An  equivalent  definition  Is 


1  If  Z.  e  {X.,...,X  }  , 
11  n 

-1  if  Z.  £  }  . 

li  n 


Define  S^.S^, . . . ,S^n  by  ■  0  and  ■  ^E^  ■  M^-Mq  for  k  >  0. 

This  notation  differs  from  that  In  the  preceding  subsections.  Let 

B  ■  {£:|£. |  ■  1  for  all  1  and  E  £  ■  0}  and 
*•  1  1 

E "  »  {C:C£B  and  0  for  all  i} .  B  Is  the  set  of  bridges 

and  B+  Is  the  set  of  positive  bridges. 

It  is  clear  that  £  is  uniformly  distributed  over  the  (^®) 
elements  of  B.  Let  1  £  x^  <  X2  <  •  •• <  Xp  <  2n.  Using  the  uniform 
distribution  of  £  and  simple  counting  arguments  one  can  show  that 


P{Mt  -  Mt 
T1  T2 


•  -  M  }  -  P{S  -  S 

p  T1  T2 


2  -1  p  2a. 

S  }  -  (2“)  n  (  4)  , 

Tp  n  i-1  ai 


where  j  (x^-Xj)  for  1  £  1  <.  p-1  and  ap  ■  n-(Oj+  •••  +  a  j) . 

Let  x  ■  (x1t...,x  )  and  define  T  ■  {t:1  <  x.  <  X- <  •  •  •  <  x  <  2n}  . 
l  p  —  l  z  p  — 

Since 


n  G. 


L  (  P  )  "  JL  I{M„  -  M. 


xeT  **x2 


Mt  }  , 
p 


it  follows  that 


I 

TET  t1 


which  can  be  rewritten  as 


(A.  6) 


P 

n 

i«i 


with  the  su&matlon  over  0  ■  satisfying  E 0^  ■  n  and 

>  0  for  all  i.  Using  (4.1)  gives  the  companion  formula 


44.7) 


I  ev£ 

k-0 


2n 

P 


(2o+p-l)-I(2n)-1 
P  “ 


2<7i 

„  '  £ 


P 

n 


with  the  summation  over  p-tuples  0  -  (a. . a  )  satisfying  E  a .  ■  n 

l  p  i 

and  0^  >_  0  for  all  i.  This  formula  gives  a  check  on  (4.4). 

+  MQ  0  for  all  k.  Thus  MQ  ■  0  Implies  C  e  B+  . 

5  consists  of  n  positive  and  n  negative  coordinates.  Each 
positive  coordinate  is  paired  to  a  negative  coordinate  by  an  arc. 

This  pairing  can  be  done  in  n!  equally  likely  ways.  If  Mq  -  0, 
then  each  j  with  Cj  ■  -1  must  be  paired  with  a  k  satisfying 
k  <  j  and  ■  1.  This  can  be  done  in  W(C)  different  ways  where 


Therefore 


W(0 


n 

1st 


i+1 


-  -1 


t  w(t) 


P{M0-°|C-t}. 


for  t  e  B+  , 
otherwise  . 
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W (?)  can  be  written  in  a  more  symmetrical  fashion.  Define 


L  -  (i:S1  1  and  <  s1+1^  and  H  *  <  Si  and  Si>Si+l 

where  for  notational  convenience  ■  0  for  i  <_  0  and  i  >  2n. 

L  is  the  set  of  relative  minima  (low  spots)  and  H  is  the  set  of 
relative  maxima  (high  spots) .  Then 


W(C) 


n  (s  i ) 

iCH 

n  (s.o  * 

i£L 


Since  p{5*t}  •  (  n)  for  all  t,  summing  P(M  “OjC“t)  over  t 
~  ~  n  ~  u  -  ~  ~ 

yields 


p{hq-o} 


n! 


2n  (2n)l  t-B+ 


l  W(t) 

4-  - 


This  gives  the  amusing  Identity 


(4.8)  l  W(t)  -  *  -  Ix3x5x...x  (2n-l)  . 

teB+  ~  n!2 

It  is  easy  to  show  that  B+  contains  —jj’  (^*)  elements.  Assume  T 
is  uniformly  distributed  over  B+.  Then  (4.8)  can  be  restated  as 


5 


V  and  G,  for  Arbitrary  Arc  Length  Distributions, 
k  -  k  - - - - 

This  section  deals  with  the  quantities  and  introduced 


in  the  preceding  section.  The  definitions  are  repeated  for  convenience. 


n  arcs  are  placed  at  random  on  a  circle  of  unit  circumference.  is 


the  measure  of  that  part  of  the  circumference  covered  exactly  k  times. 
The  2n  points  which  are  the  endpoints  of  the  n  random  arcs  divide 
the  circumference  into  2n  segments.  G^  is  the  number  of  segments 
covered  exactly  k  times.  The  previous  section  dealt  only  with  the 
case  in  which  the  arc  lengths  had  a  uniform  distribution.  Arbitrary 
distributions  F  for  the  arc  length  are  now  considered. 

The  expectation  of  is  easily  calculated.  Let  Q  be  a  point 

chosen  uniformly  on  the  circumference  and  independent  of  the  n  random 
arcs.  Let  W  be  the  number  of  arcs  covering  Q.  Arguing  as  in  section 
3  gives  EVfc  =  P{W-k}.  W  -  where  1^  is  the  indicator  of  the 


event  that  the  jth  arc  covers  Q.  The  1^  are  clearly  independent  and 


identically  distributed  with  EI^  ■  y  =  (1-F(x))dx.  y  is  the 


expected  arc  length.  Thus  W  is  Binomial  (n,y)  so  that 


(5.1) 


__ _  /ii»  k . .  i  n*k 

EVk  “  <k>U 


The  second  moments  EV^ are  more  complicated.  Label  the  n 


random  arcs  by  the  integers  l,2,...,n.  Let  ir  c (1,2, . . . ,n} . 


Define  to  be  the  length  of  that  part  of  the  circumference  which 


is  not  covered  by  any  of  the  arcs  in  it  .  U  is  the  measure  of  the 

TT 


vacancy  which  results  after  the  arcs  in  tt  are  tossed  on  the  circum¬ 
ference.  For  1  <_  j  <_  n  define  the  functions 


3 


fjU)  - 


0  if  z  is  covered  by  the  j  arc. 


1  otherwise  . 


Then  U  -  /  II  f  (z)dz.  Upon  expanding  II  (1-f  (z))  one  obtains 

11  °  jen  3  k*TT  k 


l  n  f  (*)  n  (i-f  (z)>  -  I  (-D l7rl-P(l^l)  n  f.u) 

|irT»p  jeir  J  Ytn  PliP  p  jeir  J 


Integrating  both  sides  and  noting  that 


yields 


r  n  -  ,1  [  n  f  (z)  n  (i-f,(z))d2 

n‘p  |4-Pj0j£Tr  j  H*  k 


(5.2) 


v  -  l  . 

P  |ir|>p  p  * 


The  moments  EU  U  may  be  evaluated  by  the  methods  of  sections 

no 

2  and  3.  Let  and  be  chosen  uniformly  and  independently  on 

the  circumference  (and  independent  of  the  n  random  arcs) .  Then 

EU  U  ■  P(B)  where  B  is  the  event  that  Q.  is  not  covered  by  any 
no  j. 

of  the  arcs  in  ir  and  is  not  covered  by  any  of  the  arcs  in  o  . 

Let  By  be  the  event  that  is  not  covered  by  the  jtk  arc.  Then 


t*)  B  -  (  n  B  )(  n  B  )  -  (  n  b..k  n  b  )(  n  b  b  ) 
jeir  u  keo  jeir-c  kco-*  SLcmo  * 
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where  the  product  notation  is  used  to  denote  intersection.  The  factor 
events  in  (*)  are  conditionally  independent  given  and  Q2.  The 
arguments  of  section  3  yield 


P(Blj|Q1,Q2)  -  P(B2k|QrQ2)  -  g(l) 

and 

P(BUB2a1Q1’Q2)  "  8(S1)  +  g(S2)  • 

s 

where  g(s)  ■  /  F(x)dx  and  S^,S2  are  the  spaclngs  between  the  points 
Q^,Q2<  Let  a  ■  g(l).  Note  that  a  ■  /  F(x)dx  ■  1-y.  Then  using  the 
conditional  Independence  gives 

P(b|q1,Q2)  -  ala“7rI  +  lir_Cl{g(S1)+g(S2)}lanirl  . 


Thus 


(5.3)  EU^  -  aIa-1Tl+iir“aiEJ,g(S1)+gCS2)}lanirl  , 

where  and  S2  are  the  spacings  between  two  points  chosen  uniformly 

at  random  on  the  circumference.  Define  M(r)  -  E{g(S^)  + g(S2))r. 

2 

Equation  (3.2)  says  that  M(r)  ■  E^V  where  r  is  the  number  of 
random  arcs. 

Now  use  (5.2)  and  (5.3)  to  calculate 

*vPv,  ■  1 1  <-u|,|+|o,-»-*<|;I><|;|>  • 

■  [  W|t|)  I  (-0>l°u,rl(ltU»l)(|TU0|)  , 

T  O  »TT  P  q 
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The  transformation  t*  *  a  flir,  it’  ■  tt-o  and  a'  ■  a-ir  is  used  to 
obtain  the  last  expression.  Thus  the  summation  in  this  last  expression 
is  over  all  mutually  disjoint  subsets  tt,t  and  a.  As  usual  assume 
that  (*)  ■  0  if  x  <  y.  Counting  the  choices  of  T,ir  and  a  with 
| T |  -  k,  | tt|  -  i  and  |a|  ■  j  yields 


where 


denotes  the  usual  multinomial  coeffieint 


o  - 

b,c 


a! 


blc! (a-b-c) J 


if  b  >.  0,  c  ^  0  and  b+c  a  , 


otherwise  . 


This  can  be  rewritten  as 

(5.4)  EV  V  -  (-l)1^  l  M(k)  l  l 

n-p  n-q  j  ^  K|»  ^  a  p  *1 

where  the  summation  is  over  all  Integers  k,£,i  when  the  usual  conven¬ 
tions  for  multinomial  coefficients  are  followed.  Examination  of  the 

sum  shows  that  the  coefficient  of  M(k)  is  zero  if  k  <  p+q-n. 

A  simple  generating  function  argument  gives 


This  alternative  form  may  be  more  convenient  if  p,  q  or  k  is  small. 


Some  special  cases  of  (5.4)  are 

EvJ  -  n2M(n)  +  n(l-2nd)M(n-l)  +  n(n-l)a2M(n-2) 

and 

EV  V  “  <"1>P0  l  (£)(-«) Vn-k)  . 

p  p  k 

Let  the  random  variable  L  be  districted  according  to  F. 
Define  F  to  be  the  c.d.f.  of  (1-L).  Thus  F(x)  ■  l-F(l-x). 

The  trivial  observation  that  a  segment  of  the  circumference  is 
covered  by  exactly  p  arcs  if  and  only  if  it  is  not  covered  by 
exactly  n-p  arcs  yields  the  following  result. 

wvi . v  ■  yvvi . v 

where  Xg  denotes  that  the  arc  lengths  are  distributed  according 

to  H.  In  particular  E_V  V  -  ^,V  V  .  Applying  this  result  to 

r  p  q  p  n— p  n— q 

the  above  special  cases  of  (5.4)  lmed lately  gives  expressions  for 

EV2  ,  and  EV  V  . 
n-1  n  p 

General  expressions  may  in  principle  be  obtained  for  the  Mgtier 
moments  of  V^.  For  example  the  same  arguments  used  to  obtain  (5.3) 
can  be  used  to  show  that 

k  +k  +k 

(*)  E  U  U  D  -  E{g(l) }  123 

al  a2  a3 

k. «  k,. 

{g(s1+s2)+g(s3)}  {g(s1+s3)+g(s2)} 

k  k, 

(g(S24S3)+g(S1)}  23{g(S1)+g(S2)+g(S3)P23  . 
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Here  S^,  S2  and  are  the  spaclngs  between  three  points  chosen 

randomly  on  the  circumference  and  for  tc  {1,2,3}  define 

k  ■  |  II  a.  II  o,|  with  products  denoting  intersection  and  "  ~ " 

T  iCT  1  itx  i 

denoting  the  complement.  Using  (*)  and  (5.2)  the  moments  E  vpv(,vr 
can  be  easily  calculated.  However  the  expressions  for  these  moments 
will  not  be  given  as  they  are  exceedingly  cumbersome. 


The  n  random  arcs  divide  the  circumference  into  2n  segments. 
Each  arc  or  segment  has  an  initial  point  (the  point  which  is  furthest 
counterclockwise)  and  a  final  point  (the  point  which  is  furthest  clock¬ 
wise)  .  For  0  <_  k  <_  n-1  let  be  the  number  of  arcs  whose  initial 

points  are  covered  exactly  k  times  and  be  the  number  of  arcs 

whose  final  points  are  covered  exactly  k  times. 

By  associating  each  segment  with  its  initial  point  one  obtains 


-  Cfc_1  +  for  0  £  k  £  n.  Associating  each  segment  with  its 


final  point  yields  G. 


It  is  understood  that  C  ^  ■  C  ^ 


■  Cn  ■  Cn  ■  0.  Equating  the  two  expressions  for  G^  gives 

C^-C^  ^  ■  Sc-Ck  1  *°r  G  —  k  £  n.  This  implies  for  all  k. 


Thus  for  all  k 


(5*5)  Gk  "  °k  +  Ck-1  * 

This  expression  is  useful  because  is  easier  to  handle  than  G^. 

The  calculation  of  EC^  is  immediate.  Let  1^  be  the  indicator 
of  the  event  that  the  initial  point  of  the  j**1  arc  is  covered  exactly 
k  times.  Then  so  that  EC^  ■  *  n*Prob{P^  is  covered 

k  times}  where  P^  is  the  Initial  point  of  the  first  arc.  Since  P^ 
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Is  uniform  and  independent  of  the  n-1  arcs  labeled  by  2 ,3 , . . . ,n 

it  is  clear  that  Prob{p,  is  covered  k  times}  ■  E  ,V, 

1  n-1  k 

-  (n"1)yk(l-u)n‘1‘k  by  (5.1).  Thus 


(5.6) 


_  _  .n-1.  k .  n-l-k 

E  Cfe  -  n(  k  )y  (1-vi) 


EG^  is  now  obtained  using  (5.5)  and  (5.6). 

The  second  moments  EC  C  can  be  calculated  in  a  straightforward 

P  <1 

manner  similar  to  the  derivation  of  (5.4).  The  argument  is  sketched 

below.  C  C  *  £.£.  I.  I.  so  that  EC  C  ■  n(n-l)EIn  1,  +nEI,  1.  . 

p  q  i  j  ip  jq  p  q  Ip  2q  lp  lq 

Now  nEIlpIlq  -  n5(p-q)Ellp  -  6(p-q)ECp  -  6(p-q)n(np1)vP(l-y)n_1_P 
where 


1  if  x  -  0, 


0  otherwise  . 


P^  is  the  initial  point  of  the  ic  arc.  Let  and  be 

the  indicators  of  the  events  {P^  is  not  covered  by  the  second  arc} 
and  {P2  is  not  covered  by  the  first  arc}  respectively.  Let  H(i,k) 
be  the  Indicator  of  the  event  that  P^  is  covered  by  exactly  k  of 
the  arcs  with  labels  in  {3,4,...,n}.  With  this  notation 

ilp  "  J1h<1.p>  +  <1-Vh<1’p“1) 


so  that 


!2q  -  J2H(2,q)  +  (l-J2)H(2,q-l) 


I 


I 


(5,7)  1lpI2q  *  H(l,p-l)H(2,q-l) 

+  J1H(l,p)H(2,q-l)  +  J2H(l,p-l)H(2,q) 

-  (J1+J2)H(l,p-l)H(2,q-l) 

+  J1J2{H(l,p)H(2,q)  -  H(l,p)H(2,q-l) 

-  H(l,p-1)H(2 ,q)  +  H(1 ,p-l)H(2 ,q-l) }  . 

Arguing  as  in  (5.2)  will  give 

(.5.8)  H(i,n-2-s)  -  l  (-1)1*1”*  (1*1)11(1,10 

ir  8 

where  the  sum  is  over  ir  c  (3,4, . . . ,n}  and  U(i,ir)  is  the  indicator 
of  the  event  that  is  not  covered  by  any  of  the  arcs  in  ir  .  The 

analogue  of  (5.3)  in  this  situation  is  easily  seen  to  be 

el  e2 

(5.9)  EJX  J2  H(l,ir)H(2,a) 

-  cJ0-*'  +  ^  EF(S1)%(S2)£2{g(S1)-»s(S2)}lan 

where  •  0  or  1  and  S^,S2  are  as  in  (5.3).  Now  expand  (5.7) 

using  (5.8)  and  evaluate  the  expectation  of  each  term  using  (5.9) 

to  obtain  the  desired  result. 

E1  E2  k 

Define  M^k)  -  E  FCSX)  aF(S2)  £  (g(S1)  +  g(S2)}K  where  J  -  e^. 
The  quantities  Mj(k)  are  clearly  related  to  the  joint  moments  in 
equation  (3.3).  Let  denote  the  sequence  Mj (0) (1) ,Mj (2) , . . .  . 


Now  define 


R(n,p,q,k) 


(-i)p+q  l 

l  *» 


k+i 

n-p 


)( 


k+i-i 

n-q 


) 


and  let  R(n,p,q)  denote  the  sequence  R(n,p,q,0),  R(n,p,q,l), 

N(n»P»q»2) , . . .  .  With  this  notation  (5.4)  may  be  written  as  an 

Inner  product  EVpVq  ”  <Mg|R(n,p,q)>  . 

This  notation  has  been  developed  In  order  to  allow  EC  C  to 

P  q 

be  written  In  the  following  reasonably  compact  form: 


(5.10)  ECpCq  -  n(n-l)«M0|R(n-2,p-l,q-l)> 

+  ^MjjR(n-2,p,q“l)  +  R(n-2,p-l,q)  -  2R(n-2,p-l,q-l)^> 

+  <M2|R(n-2,p,q)  -  R(n-2,p-l,q)  -  R(n-2,p,q-l)  +  R(n-2,p-l,q-l)>} 

+  <S(p-q)n(n~1)yP(l-V)n"*1**P  . 

Observe  that  the  Inner  product  terms  precisely  parallel  the  terms  In 
(5.7).  Using  (5.10)  and  (5.5)  one  obtains  the  moments  EGpGq. 

The  moments  EV  C  can  also  be  expressed  in  a  form  resembling 

p  q 

(5.4)  and  (5.10).  The  derivation  is  sketched  below.  Let  Q  be  a 

point  chosen  uniformly  at  random  on  the  circumference  and  Independent 

of  the  n  random  arcs.  Let  A  be  the  indicator  of  the  event  {Q  Is 

P 

covered  by  exactly  p  arcs}  and  be  the  indicator  of  the  event 

that  the  initial  point  of  the  ith  arc  is  covered  by  exactly  q  arcs. 

Then  EV  C  -  EV  Z.I.  -  nEV  I,  -  nEA  I.  .  Now  let  J  be  the  indicator 

P  q  p  i  iq  p  lq  p  iq 

of  the  event  that  Q  is  not  covered  by  the  first  arc  and  be  the 

Indicator  of  the  event  that  Q  is  covered  by  exactly  k  arcs  with 
labels  in  {2,3,..., 


n} .  Then 


A  I-  -  JH  I.  +  (l-J)H  .1, 
p  lq  p  lq  p-1  lq 


H  -I,  +  J(H  I,  -H  ,1.  ) 

p-1  lq  P  lq  p-1  lq 


Let  M  (k)  -  EF(S^)^{g(Sj)  H-g^))*  for  J  -  0  or  1  and  let 
the  sequences  Mj  and  R(n,p,q)  be  as  in  (5.10).  From  (*)  one  can 
Immediately  read  off  the  desired  expression: 

(5.11)  EV  C  -  n{<M0|R(n-l,p-l,q)>  +  ^M1|R(n-lfp(q)-R(n-lvp-ltq^). 


Using  (5.5)  and  (5.11)  one  obtains  the  moments  EV  G  . 

p  q 
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6.  A  Recursion  for  the  Joint  Distribution  of  Various  Suns  of  Spacing 8. 

This  section  gives  a  result  concerning  the  spaclngs  S  ,S_,...,S 

1  t  n 

between  n  points  chosen  uniformly  on  the  circumference.  For  any 
orc{l,2,...,n}  define 

S(O)  -JS. 

ieo 

Let  -  {1,2 . k}  and  Tj+i  -  {l+i,2+i, . . .  ,kfi}  where  addition  is 

modulo  n  in  the  sense  that  n+1  -  1,  etc.  Define 

n 

V*>  m  ^(yi)  >  .}  ' 

This  quantity  arises  naturally  when  considering  the  random  placement  of 
arcs  of  length  «  a  and  in  the  construction  of  some  tests  of  uniformity. 

In  order  to  compute  the  second  moments  E  Hj (a)H^(b)  one  must  be 
able  to  calculate  quantities  like  P(S(o)  >  a,  S(t)  >  b) .  This  prob¬ 
ability  can  be  written  down  almost  by  inspection  when  o  c  T  or  when 
o  PI  T  —  <j).  A  recursion  formula  is  now  developed  to  handle  the  case 
when  Ja  fi  t|  >0. 

All  events  are  subsets  of  the  simplex  {(x^,x2,...,xn):  I^Xj  -  1 

and  Xj  >  0  for  all  j}.  Let  T:  R°  -►  Rn  be  a  bij action  and  denote 

T(x, ,x_,...,x  )  ■  (x',x',...,x').  Assume  that  T  has  Jacobian  equal 
l  i  n  x  i  n 

to  1  and  satisfies  x,  +  •  •  •  +  x  ■  i.'  +  ••<  +  x'  for  all  points  x e  Rn. 

1  n  1  n 

Assume  also  that  A  and  B  ■  T(A)  are  both  subsets  of  the  simplex. 

The  spaclngs  (S^,S2, • . • ,SQ)  are  uniformly  distributed  on  the  simplex. 
Therefore  F(A)  •  P(B).  This  simple  fact  is  the  basis  of  the  following 
argument. 
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Choose  0  and  T  such  that  (0  U  t)  H  {1,2,3}  *  <j>.  □  will 
serve  to  denote  a  fixed  collection  of  Inequalities  of  the  form  SCrr)  >  c 
with  it  satisfying  either  tt  D  {1,2,3}  ■  $  or  it  {1,2,3}.  Thus 
{Q}"  0  {S(ir.)  >  c.}  for  some  t  and  TT,,...,Tr  satisfying  the 

stated  condition.  Clearly 

(*)  P{S1+S2+S(a)  >  a,  S1+S3+S(t)  >  b,  □  } 

-  P{S1+S(0)  >  a,  Sj+S-j+SCr)  >  b,  □  } 

+  P{S1+S(a)  <  a  <  Sj+S^Sfa),  S^+S^+Si-)  >  b,  Q}  . 

The  transformation 

S[  -  a-S1-S(<J)  , 

52  "  Sl+S2+S(a)_a  » 

53  -  Sj+S3  ,  and 

S’±  -  S±  for  i  >  3 

satisfies  S-  +•••+  8  •  S'  +•••+  S'  and  has  Jacobian  »  1.  The 
1  n  x  n 

inequalities  in  Q  are  unchanged  by  the  transformation.  The  simplex 

conditions  {Z.S,  ■  1,  S.  >  0 . S  >0}  are  always  implied  when 

J  j  n 

writing  an  event.  With  this  in  mind  it  is  easily  shown  that  the  event 
{S3+S(o)  <  a  <  ,  Sj+S3+S(t)  >  b,  p}  transforms  to  (after 

deleting  the  superscript  primes)  the  event 

{Sj+5(a)  <  a  <  S1+S3+S(0),S3+S(t)  >  b,  Q} 

-  {Sj^+Sj+SCa)  >  a,  S3  +  s(t)  >  b,  □}  -  {Sj+S(<T)  >  a,S3+S(r)  >  b,  q} 
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R 


R 


« 


h 


Substituting  this  in  (*)  yields 

(6.1)  P(S1+S2+S(0) >  a,  Sj+S3+S(t)  >  b,  O) 

-  PtSj+Sfa)  >  a,  Sj^+S^Ct)  >  b,  q] 

+  pfs^S^SCa)  >  a,  S3+S(t)  >  b,  P) 

-  P(S1+S(a)>a,  S3+S(T)>b,  □> 

with  (a  U  t)  H  {1,2,3}  -  <f>  and  Q  consisting  of  inequalities  not 
involving  S^,S2,S3  except  through  the  combination  Sj+S2+S3. 

Choose  £  and  ri  such  that  |5-n|  “  i,  |r|— ^  |  ■  j  and 
|£  0  n|  ■  k.  Now  define 

Q(i,j,k)  -  P{S(£) >  a,  S(n) >  b}  . 

Simplify  (6.1)  by  deleting  □  to  obtain  the  desired  recursion 

(6.2)  Q(i,j,k)  -  Q(i-l,j,k)+Q(i,j-l,k)  -Q(i,j,k-1)  . 

The  boundary  terms  Q(0,j,k),  Q(i,0,k)  and  Q(i,j,0)  are  easily 
evaluated  (see  below).  Thus  (6.2)  gives  an  efficient  method  for 
tabulating  Q(l,j,k).  By  varying  a  and  b  the  joint  c.d.f.  of 
S(£)  and  S(n)  may  be  calculated. 

Now  the  boundary  terms  are  evaluated.  Let  ai»a2» *  *  * *0B  arw* 
{1,2, ...,m}  be  disjoint  sets.  Define  k^"  | ct^ |  for  1  <_  i  £  m 
and  k  "  Z^k^.  It  is  reasonably  intuitive  (and  fairly  easy  to  prove) 
that 
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(6.3) 


■ 

p(  n  (s(o  )  <  «  <s.+s(o  )}) 

i-i  1  11 


-  ( 


n-l 


kl*  *  *  **km 


Ml-I^) 


n-l-k 


n 

i 


If  O.  -  •••■  O  m  <p,  (6.3)  reduces  Co  Che  fundamenCal  lemma  (1.1). 
x  in 

LeC  a  »  (a, . a  )  and  k  -  (k_  ,...,k  ).  Define 

—  i  n  —  A  m 

R(a;k)  -  (.  n_1  )(1-Z  a  )B“1'k  n  a^ 

T.****»  m  1  1  +  j  J 

wich  k  -  I^k^.  Every  evenC  (s(£) >  b)  can  be  expressed  as  a  disjoint 
union  of  evenCs  of  Che  form  (S(a)  <.  b  <  S^+S(a)}.  For  insCance 

{S1+S2+S3>  b)  -  {Sx>  b)  U  {S1  <  b<  Sj+S^  U  {Sj+S2  <  b<  Sj+S^S^  . 

Using  chls  Cype  of  expansion  and  (6.3)  one  obCains 


(6.4)  P(  0  (S(£.)  >a.})  -  l  R(a;£) 

1-1  1  1  L<k 

-T  ** 

where  are  nonempCy  and  disjolnc  wich  | |  -  1+k^  for 

1  <  1  <  m,  k  -  (k-,...,k  ),  and  l  <  k  Iff  i  <  k.  for  all  1. 

~  x  m  ~  ~  l  —  l 

This  has  Che  special  case 

p:1  k1 

Q(P.q.O)  -  l  l  R(a,b;i,j)  . 

1-0  J-0 

LeC  5^  c  C2  c  *  *  *  c  5m  and  0  <  k^  <  k2  <  •  •  •  <  k^  <  n-l  wich 
| SjJ  ■  kj+1  for  1  <,  1  <.  o.  Lee  0  -  bp  <  b^  <  *”  <  b  <  1  and 
define  a^  -  b^-b^_^  for  1  <  1<b.  IC  is  clear  by  inspecClon  Chat 
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(6.5) 


p(  n  (s^)  >  b±}) 

i=l 


l  R(a;f.) 
JteD  ~  ~ 


with  D  ■  {(£,,...,£  ):  l  l.  <  k  for  1  <  p  <  m).  To  see  this 

1  m  1  ~  P  ”  “ 

most  easily  use  exchangeability  (1.2)  and  take  =  {1,2, . . . ,k^+l} 

for  all  i  without  loss  of  generality.  Generate  (S^,...,Sn)  as 

the  successive  differences  between  the  order  statistics  of  n-1 

points  chosen  uniformly  and  independently  on  the  interval  [0,1] 

(see  the  proof  of  (1.1)).  Let  L^  be  the  number  of  points  falling 

m 


in  (b.  ,  ,b.  ].  Define  L*  (L, ,  ...,L).  The  event  fl  {S(£.)>b,} 
i— l  x  -  X  m  .  .  i  i 

occurs  iff  LCD.  (6.5)  follows  Immediately  upon  using  the  multinomial 
distribution  of  L. 

A  special  case  of  (6.5)  is 


q-1  p+q-l-i 

Q(p,0,q)  -  l  l  R(b,a-b;i,j) 

i-1  3-1 

when  b  <  a.  The  degenerate  case  b  ^  a  is  easily  handled.  The 
remaining  type  of  boundary  case  is  Q(0,p,q).  This  reduces  to  the 
previous  case  since 

Q(a,b;i,j,k)  =  Q(b,a;j,i,k)  . 

Here  the  dependence  of  Q  on  a  and  b  has  been  made  explicit  in  the 
notation  in  the  obvious  way. 


.  Conditional  Moments  of  V. 


This  section  is  devoted  to  developing  expressions  for  some  conditional 
moments  of  the  vacancy  V.  These  expressions  follow  easily  from  the  results 
of  section  three. 

First  some  notation  will  be  introduced.  This  notation  is  a  slight 
modification  of  that  in  section  three.  Let  Ij  be  the  indicator  of  the 
event  that  is  not  covered.  Remember  that  Pj  is  the  counterclock¬ 

wise  endpoint  of  the  j arc.  Then 


c-  l  h 


Let  a  c  {1,2, . . . ,n} .  Then 


(7.1) 


(°)  -  I  11 

q  |a|-q  jea  J 


where  the  sum  is  over  all  subsets  containing  q  elements. 
Using  this  formula  gives 


EVP(S  -  l  EVP  n  I  -  (")  EVPI  L...I  . 

q  |o|-q  jea  j  q  1  2  q 


Therefore 


(7.2) 


EyP(a) 

E(Vp|p.,  ,P,, . .  .,P„  are  uncovered)  -  - jr*— 

1  2  q  E(°) 


The  numerator  and  denominator  are  given  by  formulas  (3.3)  and  (3.1) 
respectively.  Remember  that  the  are  the  unordered  endpoints. 
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An  expression  for  E(V^|G*k)  will  now  be  derived.  The  argument 
uses  the  following  combinatorial  Identity: 


(7.3) 


This  identity  will  be  verified  by  manipulating  the  indicator  functions  1^ 
defined  previously.  Elementary  inclusion-exclusion  arguments  may  also  be 
given. 


-  I  (  n  I.)(  n  (1-1.)) 

l<A  tea  1  ito  1 


Expanding  the  product  II  (1-1.)  yields 

ida 


l  l  n  it 

«  ..  • _  A 


a  «k  t r^o 


Now  group  terms  to  get 


y  (-i)M-k(lrl)  H  i. 

|  IT  |  >_k  ieir 


l  (-DJ"k(i) 


i  >  k 


I  n  h 

ien- 


Now  using  (7.1)  completes  the  derivation  of  (7.3). 

Taking  expectations  on  both  sides  of  (7.3)  yields 


(7.4) 


P{Ok}  -  l  (-l)j'k(i)E(J) 
j  >  k  J 


59 


The  distribution  of  G  was  first  obtained  by  Holst  and  Siegel.  The 
desired  conditional  moments  are  now  easily  obtained. 


(7.5)  E(Vp|G-k) 


EvKl(ok} 

PlG-k) 


1 

P{G-k) 


l 

it* 


(-l)j~k(J)EVp  (®) 


upon  using  (7.3).  Summing  over  k  in  (7.3)  and  using  an  elementary 
property  of  binomial  coefficients  one  obtains  the  related  identity 


wi  -  J[k  <-«J '“<£><?>  • 

This  can  be  used  to  obtain  expressions  for  E(Vp|G^k)  . 

Formula  (7.5)  is  a  summation  of  terms  involving  EVP(^)  where  q 
varies.  To  avoid  possible  misinterpretation  of  the  speclngs  formula 

(3.3)  will  be  restated  with  the  dependence  on  p  and  q  made  more  explicit 
in  the  notation. 

EyP(n)  “  <>  "  ,<skr){  ^  *(84r)}“”q 

q  q  w  jil  *r 

where  r  -  p+q  and  sir>S2r' *  *  ’  ,Srr  >r(  th*  or^K*^  speclngs  between 
r  points  chosen  uniformly  at  random  on  the  circumference.  g(s)  =  /*  P(x)dx. 


As  in  section  (0)  let  Pi»**2* '  *  *  ***n  be  the  unordered  endpoints  of 

arcs  of  length  which  are  i.i.d.  from  F.  Let  be  the 

distance  from  P^  to  the  nearest  point  Pj  in  the  clockwise  direction. 

This  is  a  convenient  modification  of  the  notation  In  section  (0) .  Due 

to  the  exchangeability  of  the  spaclngs  the  joint  distribution  of 

still  satisfies  the  fundamental  lemma  (1.1). 

* 

Define  the  random  variable  V  as 


(8.1) 


v*  -  I  (S1-11)+ 

i-1 


Comparing  this  with  (2. A)  shows  that  V  »  V*  when  the  arcs  are  of  fixed 
length  a  (F(x)  -  1{x>4}^‘  In  general  v  1  V*.  This  is  easily  seen  as 
follows.  Let  x  be  a  point  on  the  circumference.  Let  Pj  be  the  first 
endpoint  which  is  reached  upon  starting  from  x  and  moving  counterclock¬ 
wise.  The  j—  arc  will  be  said  to  be  the  arc  immediately  preceding  x. 

V*  can  now  be  described  as  the  measure  of  the  set  of  points  which  are 
not  covered  by  the  arc  immediately  preceding  them.  If  a  point  x  is  not 
covered  by  any  of  the  arcs  then  In  particular  x  is  not  covered  by  the 
immediately  preceding  arc.  Therefore  V  <_  V*  as  desired. 

Expressions  for  the  distribution  and  moments  of  V*  are  readily 
obtained.  The  argument  of  Holst  will  be  used  to  find  the  distribution 
of  V*  (see  the  second  derivation  of  the  moments  of  V  in  section  two). 
Let  H  be  an  arbitrary  function.  Define  lj  ■  >  L  ^  for  1  <_  J  £  n 

J  J 

Using  exchangeability  it  follows  that 


EH(V*) 


k  k  n 

l  (")EH<  l  (s.-L  ))  n  I  n  (i-i.) 


n 

I 

k-0  ~  i-1 

n  n-k 

I 

k-0 


i-1  -  i-k+1 
k 


n  n-k  ,  .  k  k+j 

I  l  0 (V>(-DJ  EH(  f  (S.-L  ))  n  I 
-0  j-0  K  J  i-1  x  i-1  1 


k  k+j 

To  evaluate  EH(  /  (S.-L.))  II  I.  condition  on  the  values  of  L.  »L-,...,L 
i-1  1  1  i-1  1  1  2  n 

and  use  (1.1)  and  (1.4).  This  yields 


k+j  k+j  k 

E(l-  l  L.)^-1  E{H((1-  j  L.)(  l  Stf))|L. . Ln} 

i-1  x  i-1  1  1-1  *  L  n 


(+) 


■  C  <1->,,°‘ldF<k+J)‘(y)  r(tmL)  {„  H<(i-y>s>sk-1(i-.)"-k-1ds 


since  £  S.  'v*  Beta(k.n-k).  *  is  defined  to  be  the  k-fold  convolution: 


i-1 


(k)*„  »  ,  r  i 

F  (x)  -  p{  )  L .<.*}.  Making  the  transformation  u  -  (l-y)s  and  inter- 
i-1  1 

changing  the  order  of  integration  this  becomes 

T(n)  f1  .  k-1.  rX'u  .n-k-l._(k+1)*,  . 

r('k)r'(n-k)  J0  H(u)u  duL  (1-u-y>  dF  (y)  • 


Note  that  when  k-0  or  k  -  n  the  Beta  distribution  is  degenerate. 
After  separating  out  these  special  cases  the  final  result  becomes 


(8.2) 


H(l-y)(l-y)n_1dF(n)*(y) 


EH(V*)  -  f 

•'0 

+  H(0)  l  (")(-!) j  f  (l-y)n_1<i 

j-0  J  Jo 

*  f  ni  (”)2  JsfcB.  <■>-<■>  <-i)J[l  «(->-«*  (l"“a-u-y)n‘k‘ldF<fc,J)*(y) . 
k-1  j-0  n  3  )Q  J0 


1-1dF«>*(y) 
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J 


■■If-1  -■■■•  'm1  "'.1.  Ld'" 


1 


If  ’  is  absolutely  continuous  with  density  f then  (apart 
from  an  atom  at  zero)  the  distribution  of  V*  is  absolutely  continuous 
with  density  q(u)  given  by 


n-1. 


(8.3)  q(u)  -  w6q  +  u  fQ(l-u) 


T  Y  (“)2  (‘^(-l)3  u1*1  [1~UU-U-y)°-k-1 

Jl  3to  k  “  3  >0 


irW\y) 


k-1 


w  is  the  mass  of  the  atom  at  zero, 


w  -  l  (”)(-l)J  [  (l-y)n_1dF(j)*(y) 

j-0  3  Jo 


(8.3)  is  obtained  by  Inspection  from  (8.2). 

To  obtain  the  cumulative?  distribution  of  V  set  H(u)  ■  *{u  <  x} 
(8.2).  Using  the  fact  that 


I  so  i  ■  I  (nrb*3(i-*)n"1"3 

J^l  x  j-k  3 


for  0  <_  x  <_  1  and  the  earlier  expression  (t)  the  following  result  may 
be  derived: 


(8.4)  P{V*  <  x)  -  1+  l  Y  (")(n"I)(i:1)(-l)i+k  xk  f1  *  (l-x-y)n"k"1dF(i)* 

i-1  k-0  1  K  K  JO 
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a 


The  moments  of  V*  may  be  found  by  taking  H(x)  -  xp  in  (8.2) 
or  by  duplicating  the  first  or  third  derivation  in  section  two  and 
conditioning  on  •  •  •  ,I*n  at  the  appropriate  step.  This  leads 

to 

(8.5)  E(V*)P  -  (P4®-1)  1  l  (f)(p-h  f  (l-y)n+p-1dP(k)*(y)  . 

p  k»l  *  K  '0 

Observe  that  (8.4)  and  (8.5)  reduce  immediately  to  the  results  of  Siegel 
upon  substituting  F(x)  -  1{x>a}‘ 

V  <_  V  so  that  P{V  £  x}  P{V  £  x) .  Some  idea  of  the  error  in 
approximating  p{V  x}  by  p{V  <_  x)  may  be  gained  by  the  comparison 
of  EVP  and  E(V*)P  which  are  known  quantities.  The  approximation  will 
not  be  good  unless  F  Is  tightly  concentrated  about  its  mean.  For  example 
let  F  be  the  uniform  distribution  on  the  Interval  [a-0,04a]  with 
0  <  0  <  a  <  1-0.  Using  (3.2)  and  (8.5)  gives 


EV  -  (l-EL)n  -  (1-0)“  and 


EV*  -  E(l-L)n 


(l-c^^f0)n^,^1-(l^-8)n^,•1 

20(n+l) 


Since  V  <  V* 


It  Is  reasonable  to  use 


EV*  -  EV  (l-cH0)n*1-  (l-q-8)n+1  . 

EV  n  “  A 

20(n+l) (1-a) 

as  a  measure  of  the  similarity  of  the  distributions  of  V  and  V*. 


64 


7 

This  quantity  is  large  whan  0  is  large.  (EV*-EV)/E V  -  -  1  whan 

o  -  0  -  j  .  However  — (JL)  as  g  +  0.  Thus  the 
approx  last ion  is  quite  good  for  small  0. 

The  argument  leading  to  (8.2)  does  not  use  the  fact  that  L^,I^,...,L 
are  i.l.d.  but  only  that  they  are  exchangeable.  Thus  (8.2)  through  (8.5) 
remain  true  under  this  weaker  hypothesis.  It  is  necessary  only  to  assume 
that  L1,L2>...tLn  are  exchangeable  and  independent  of  ... ,Sn. 

Note  that  (x)  =  £  x)  can  no  longer  be  Interpreted  as 

a  convolution. 

9.  The  Largest  Gap. 

The  vacancy  consists  of  G  disjoint  gaps.  Let  H  denote  the  length 
of  the  largest  of  these  gaps.  This  section  will  be  concerned  primarily 
with  the  distribution  of  H. 

Increase  the  length  of  each  arc  by  t  while  keeping  the  counter¬ 
clockwise  endpoint  fixed.  The  j-th  arc  now  has  length  +t.  Let 
G(t)  and  H(t)  be  respectively  the  number  of  uncovered  gaps  and  the 
length  of  the  largest  gap  in  this  new  configuration.  By  definition 
G(0)  -  G  and  H(0)  -  H. 

Clearly  H(t)  **  (H-t)+.  Thus  H  £  t  if  and  only  if  H(t)  ■  0  or 
equivalently  G(t)  ■  0.  This  yields 

(9.1)  P{H  <  t}  •  P{G(t)  -  0)  . 


The  probability  of  complete  coverage  is  given  by  (7.4)  as 


(9.2) 


P{G( t)  •  0}  -  1  +  l  (-l)^E(^^j^)  . 

j-1  3 

Define  Ffc  to  be  the  cumulative  distribution  function  of  I^  +  t 
so  that  Ft(x)  -  F(x-t) .  Correspondingly  define 

g^s)  =  f  Ft (x) dx  -  f  F(x)dx  -  g(s-t)  . 

Jo  j0 

Note  that  if  a  <  t  then  g£(s)  -  g(s-t)  ■  0.  Now  replace  F  and  g 
in  (3.1)  by  Ft  and  gt  to  obtain 

(9.3)  E(G<°)  "  *  F(S  -t»{  l  g(S  -t)}n_q 

q  q  i-1  1  k?l  k 

with  all  terms  defined  as  in  (3.1).  The  distribution  Ft  may  have 
Fc(l)  <  1  but  this  does  not  affect  the  validity  of  (9.3)  because  the 
general  results  (3.1),  (3.2)  and  (3.3)  continue  to  hold  when  F(l)  <  1. 

Combining  (9.1),  (9.2)  and  (9.3)  Immediately  gives  an  expression  for 
the  distribution  of  H. 

Define  to  be  the  length  of  the  k-th  largest  uncovered  gap  so 

Q 

that  H  •  H.  >  H_  >  •  •  •  >  H_  and  L.  ,  H.  ■  V.  For  convenience  set 
1  —  2  —  —  G  k*l  k 

■  0  for  k  >  G.  The  distribution  of  is  found  in  the  same  way 

as  that  of  H^.  For  t  ^  0, 

F(H.  >  t)  -  P(G(t)  >  k)  -  y  (-l)J“k(?“hE(C(p) 

j  >  k  3 

by  the  formula  following  (7.5).  An  application  of  (9.3)  completes  the  result. 
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In  the  remainder  of  this  section  a  simple  upper  bound  for  the  moments 
of  H  will  be  developed.  This  will  yield  an  upper  bound  for  P{H  >  t}. 


Choose  points  Qi»Q2»****%  distributed  uniformly  and  independently 
on  the  circumference  and  Independent  of  the  n  random  arcs.  Let  B  be 
the  event  that  all  the  points  lie  in  the  same  gap.  One  way  to 

calculate  P(B)  is  to  condition  on  pi*P2*‘*',Pn  and  I^.L^... ,Ln  so 
that  the  arcs  may  be  regarded  as  fixed.  The  conditional  probability  that 
all  p  of  the  points  Q.  land  in  the  j-th  largest  gap  is  H^.  Therefore 


P(B|Plf...,Pn,Llt 


••V  -|Hj 


Taking  expectations  yields 


P(B)  -  E  l  Hj  . 

j  J 


Another  way  to  calculate  P(B)  is  to  condition  on  the  location  of 

the  points  (^.....Qp.  Let  sip»S2p»  • . .  ,Spp  be  the  spacings  between  the 

points  Q^»...,Qp*  The  event  B  occurs  if  and  only  if  all  n  arcs  lie 

entirely  between  the  same  two  adjacent  points  in  {Q . .  The  probability 

1  i«*l 

that  all  n  arcs  lie  entirely  in  an  interval  of  length  s  is  g(s)n  by 

the  arguments  in  section  three.  Therefore  P(b|q^ . Qp)  -  g(Sip)n. 

Taking  expectations  and  using  the  exchangeability  of  ^]_p*®2p*  * '  *  »®pp 
gives  P(B)  -  pE  8<slp)n* 

Equating  the  expressions  for  P(B)  leads  to 


(9.4) 


E(|  Hj)  -  pE  g(Slp)n 
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If  the  length  of  each  arc  is  Increased  by  t  while  keeping  the  counter¬ 
clockwise  endpoint  fixed,  the  length  of  the  j-th  largest  gap  becomes 
(Hj-t)+.  The  distribution  of  arc  lengths  is  now  Ft  and  g  is  replaced 
by  gfc.  Thus  (9.4)  is  transformed  into 


(9.5) 


E  l  (Hj-Oj  -  pE  g(Slp-t)“ 


An  upper  bound  for  the  moments  of  H  »  follows  immediately: 


(9.6) 


E(H-t)P  <  pE  g(Slp-t)“ 


where 


(9.7)  E  g(Slp-t)n  - 


g(l-t)1 


for  p  ■  1  , 


(p-1)  g(u-t)n(l-u)P  2  du  for  p  >_  2 


since  S^p  Beta(l,p-1). 

If  p  is  sufficiently  large  the  summation  Ej(H^-t)P  will  tend  to 
be  dominated  by  its  largest  term  (Hj-t)p.  If  t  is  sufficiently  large 
most  of  the  terms  in  Ej(Hj-t)p  will  be  sero  and  the  term  (Hj-t)p  will 
again  be  dominant.  Thus  whan  p  or  t  is  sufficiently  large  E(H-t)p  % 
E  £j(Hj-t)p  and  tha  inequality  (9.6)  will  be  fairly  tight. 

An  upper  bound  for  P{H  x}  is  obtained  by  Chebyshav's  inequality: 

E(H-t)P 

P{H  >  x}  -  p{H-t  >  x-t)  <  - 

"  (x-t)p 


for  0  £  t  <  x.  Now  using  (9.6)  gives 
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(9.8) 


P{H  >  x}  <  inf 

P.t 


pE  8(Slp'"t)n 
(x-t)p 


where  the  lnfimum  is  over  all  integers  p  1  and  all  t  in  lO,x) . 

This  upper  bound  may  be  approximated  numerically  using  (9.7). 

Equation  (9.5)  mav  be  given  another  interpretation.  Let  Z±  be 
the  length  of  the  uncovered  gap  having  as  an  endpoint.  If  P^  is 

covered  by  some  arc  set  -  0.  Clearly  Z1,Z2»...,Zn  are  exchangeable 
with  Z £  “  V.  Z^,...,Zn  is  just  a  reordering  of  the  numbers 

H^,...,Hn  so  that  Ij(Zj~t)p  -  Ij(Hj-t)p.  From  (9.5)  and  exchangeability 
it  follows  that 


(*) 


■  5 E  *<sip-t>n  • 


This  result  may  be  obtained  directly  from  the  distribution  of  Z^. 

Let  C  «  (L^  <  l)  and  D  be  the  event  that  none  of  the  n-1  arcs 
labelled  2,3,...,n  cover  the  point  P^.  P(z1>0}  -  PiP^  is  uncovered)  - 

P(C  fl  D)  -  P(C)P(D)  -  F(l)g(l)n  Lengthening  the  arcs  by  t  leads  to 
the  similar  result 


(9.9)  P(ZX  >  t)  -  Ft(l)gt(l)n_1  -  FU-t)g(l-t)11"1 


For  t  ■  0  (*)  is  obtained  as  follows. 


EZP  •  j  upp{z^edu)  -  p  I  uP^pCZj 


>  u)du 
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■  p  “  P(l-u)g(l-u)  d’J 

'0 

for  p  -  1  , 

P.^Pr.1)..  (  uP"^g(l-u)ndu  for  p  >.  2 
n  -*0 

since  g’(x)  *  F(x) .  Comparing  this  with  (9.7)  completes  the  result.  (*) 
for  t  >  0  may  be  verified  in  the  same  way. 
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10.  The  Distribution  of  V. 

In  this  section  a  procedure  for  calculating  the  distribution  of  V 

D 

is  outlined.  For  the  distributions  F(x)  (x-a)+  considered  In  section 
3  the  distribution  of  V  will  be  found  explicitly. 

As  in  section  9  define  Z^  to  be  the  length  of  the  uncovered  gap 
having  P  as  its  clockwise  endpoint.  If  P^  is  covered  by  some  arc 
set  *  0.  Then  Z^tZ^t  . . .  tZ^  are  exchangeable  and  E^Z^  *  V.  The 

joint  distribution  of  Z^tZ2,...,ZQ  will  now  be  obtained.  In  particular 
it  will  be  shown  that 

(io.i)  p{z1  >  t1,z2  >  t2,...,zk>  tk) 

k 

-  P^  >  J  t±,  z2  >  o,...,zk>  0} 

k  k 

-  (1-X)k-1E  n  F( (l-x)S ., ) {  l  g((l-x)S  )}n-k 
i-1  1  j-1  J 

k 

where  x  -  ti  and  as  usual  . are  the  spaclngs 

between  k  independent  points  uniformly  distributed  on  the  circumference 
and  g(s)  -  /®  F(x)dx.  Equation  (10.1)  is  a  generalization  of  the  funda¬ 
mental  lemma  (1.1).  Equation  (10.1)  reduces  to  (1.1)  upon  taking  F(x)  ■  1 
and  g(x)  *  x.  This  means  the  arcs  have  been  shrunk  down  to  points. 

The  proof  of  (10.1)  is  very  similar  to  that  of  (3.1).  First  some 
notation  must  be  developed.  For  1  _<  i  <_  k  let  be  the  point  obtained 

by  starting  from  P^  and  moving  a  distance  t^  in  the  counterclockwise 
direction.  Then  in  the  notation  of  section  4  [Q^,P^]  is  a  segment  of 
the  circumference  with  counterclockwise  endpoint  Q^,  clockwise  endpoint 
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P^  and  length  t^.  Let  ®nt»®2k’  * '  *  ’®kk  t*ie  8Pac^n88  between  the 

points  Qi»Q2»  *  *  *  ’Qfc*  precisely,  for  1  <_  k  define  Sik  to 

be  the  distance  from  to  the  nearest  point  Qj  in  the  clockwise 

direction.  . Qk  ere  independent  and  uniformly  distributed  so 

that  ®nt»^2k*  ’  ‘  *  *^kk  'Tave  u8ual  joint  distribution  for  the  spacings. 

Define  B  -  {Z,  >  t, ,Z- >  t_, . . . ,Z.  > t,  }.  Let  A^  denote  the  arc  with 
1  1’  2  2*  *  k  k  i 

counterclockwise  endpoint  P^  and  length  L^.  The  event  B  occurs  if 

and  only  if  A ^ . A^  do  not  intersect  the  segments  [Q1>P1] , . . . , [Q^.P^l . 

e  k 

More  precisely,  B  occurs  if  and  only  if  A^  and  ^U^fQ^.P.^]  are 


k  k 

disjoint.  Let  C  be  the  event  that  U  A.  and  U  [Q.i»P,]  are  dis- 

i»l  1  i-1  1  ! 

n  k 

joint  and  D  be  the  event  that  U  A.  and  U  [Q. »P.]  are  disjoint. 

i-k+l  1  i-1  1  1 

Then  B  -  C  fl  D. 

Now  condition  on  the  points  P^.P^,  •  •  •  ,Pjc  so  that  tQ^.P^] . ^k,Pk^ 

can  be  regarded  as  fixed  in  the  argument  which  follows.  P(B | *)  -  P(c|*)P(D|*) 
where  *  denotes  conditioning  on  Pi»^2 * ’ ' * 'Pfc*  follows  from  the 

mutual  independence  of  L^ . Ln,  P^,...,Pn.  C  occurs  if  and  only  if 

L^  _<  S^-t^  for  1  _<  i  _<  k.  Thus 


P(C | *)  -  n  F(S  . -t .) 
i-1  1 


Since  the  arcs  Aj^ . Ar  are  conditionally  independent  P(D|*)  -  P(E |*) 

where  E  is  the  event  that  An  and  ^CMQ^fP^]  are  disjoint.  Following 
the  arguments  of  section  3  will  lead  to 


n-k 


k 

P(E|*)  -  l  g(s  k-t  )  . 
i-1 
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Putting  this  all  together  gives 


k  k 

p(b|*)  -  n  f(s  -t  ){  l 

i-l  1  j-1 


*(W} 


n-k 


Taking  expectations  yields 


P { Z±  >  Zk  >  t^} 

k  k 

-E  n  f(s  -t  ){  l  g(s1k-t  )>n_k 

i-l  1K  1  j-1  JK  J 

•  HW)E(  g(sJk-tj)}n-k|w) 


where  W  -  fSik>t^}.  Applying  (1.1)  and  (1.4)  to  this  expression 

completes  the  proof. 

8 

When  F(x)  “  x  so  that  g(x)  -  equation  (10.1)  becomes 


(10.2) 


P{ >  tj,  Z 2  >  tji  •  • .  t ^k  ^ 


5k(S)(l  - 


Z  ./W’1 

i-l  1  + 


where 


Ck<6) 


The  quantities  Ck(8)  were  evaluated  by  Holst  and  Siegel  (1982)  and  can 
also  be  obtained  as  a  special  case  of  (3.4). 


An  expression  for  the  distribution  of  V  may  be  found  by  the  argu- 


ment  of  Holst  (1980)  used  in  sections  two  and  eight.  For  ^  £  h  £  n 
define  Yfc  -  Ifc  -  I{^>£)}  and  Bk  -  {z±>0}.  Note  that 

Yn  *  V.  Then  by  exchangeability  of  2^,2^, . . .  ,Zn: 


P{V  >  x} 


I  <>*{Y  >,} 

j-1  2  1 

n  n 

I  O  l  (-1) 

j-1 2  k-j 


j 

n 

i*=i 


k-j  ,n-j 
lk-j 


n 

n  (i-i.) 

i-j+1 

k 

)EI(Y  >x)  11  1 

j  1  i-1 


i 


so  that 


(10.3) 


p{V  >  x}  -  l  (“)  l  (-l)k-J(““J)P{Y  >: 

j-1  2  k-j  J  2 


VP(Bk> 


From  (10.1) 


P(Bk) 


(k>  E<k> 


using  (3.1).  Let  Fk^c1.t2 . tk^dtldt2*  ’  ,,3tk  “  p^xLedt2 . Zkcdtk^Bk^ 

so  that  f^  is  the  joint  density  of  Z^,Z2,...,Zk  given  B^.  f^  may 
by  calculated  from  (10.1)  by  partial  differentiation.  One  could  obtain 
p(Yj>x|Bk)  for  j  £k  by  integrating  fk(t^, . . .  ,tfc)  over  the  set 
where  t^+t2 + • • • + tj  >  x.  Thus  in  principle  (10.1)  and  (10.3)  together 
determine  the  distribution  of  V. 

g 

The  distribution  of  V  may  be  given  explicitly  when  F(x)  -  x  . 

In  this  case  (10.2)  yields 


p(z1>  tx, . . 


..zk>tkiv 


(1 


k 

-  I 

i-1 


. n($+l)-l 

r  + 
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and  thus 


fk<tl’t2****,tk)  *  (1  -  I 


n(B+l) -k-1 


which  is  the  density  of  a  Dirichlet  distribution.  This  implies 


X(Y^|Bk)  -  Beta(j,n(3+l)-j)  for  j  <k  . 


k  so  long  as 
■  Ck(B) •  Thus 


(10.4)  P{V  >  x}  -  l  H  (x)(“)  l  (-l)k“J(?"J)5.(B) 

j-1  2  2  k-j  K~2  K 

n 

-  I  H  (x)p(G-j} 
j-1  2 


by  using  (7.4).  This  may  be  restated  as 


Note  the  curious  fact  that  £(Y^|Bk)  does  not  depend  on 
j  £  k.  Define  Hj(x)  -  p{Y^  >x|Bk)  when  j  <_  k.  P(Bk) 
(10.3)  becomes 


(10.5)  £(V|G-k)  -  Beta(k,n(B+l)-k) 

when  F(x)  -  x®. 

6 

The  distribution  of  V  can  also  be  obtained  when  F(x)  -  A(x-a)_^ 
where  A  is  such  that  F(l)  <_  1.  Only  a  sketch  will  be  given.  It  is 
necessary  to  evaluate  the  terms  P(B^)  and  P{Yj  >  xJb^}  found  In 
(10.3). 
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1 

i 


L 

i  ' 


t-  - 

k.*' 

L  '' 


It  is  easy  to  show  that 

(#)  Px(V  “  x0pl(V  and  VYj>xlV  “  P1{Yj>x|Bk} 

where  the  subscript  denotes  the  value  of  X.  Therefore  It  suffices  to 
consider  only  X  ■  1  in  the  following. 

As  usual  let  Z^,Z^t .  .• ,Z^  be  the  gap  lengths  generated  by  n 

g 

random  arcs  with  lengths  i.i.d.  from  the  distribution  F(x)  -  (x-a)+. 

*  *  * 

Let  Z^,Z^,...,Zn  be  the  gap  lengths  generated  by  n  random  arcs  with 

g 

lengths  i.i.d.  from  the  distribution  F*(x)  -  x  .  The  argument  in 
section  9  which  involves  increasing  the  length  of  the  arcs  shows  that 


(+) 


£( Zi , Zj t . . . , Z^)  ■  £((Z^-a)+, (Z^-a)^, . . . , (Z^-a)^)  . 


From  (10.2)  one  obtains  the  following  analogue  of  (1.4)  for  1  £  k  £  n: 


(@) 


X(zl_ti, . .  •  zi  >  > 


m  £( (X  ■  J  (Z^i • • • » Z^) | z1  >  0, . • . , Zfc >  0) 


Using  (t)  gives 


P. (B. )  -  P(  n  {z.  >  0})  -  P(  n  {Z.  >  a}) 
1  *  i-1  1  i-1  1 


Ck(e)(l-ka)"(3+1)_1 


by  (10.2).  Define  Y^  -  Z±  and  Y*  -  m^Z *.  Then  for  j  £  k 

equation  (t)  yields 
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P^Y^xjBjJ  -  P{Y*>x+ja|z*>a . z£>a)  • 


Upon  applying  (@)  this  becomes 


p{,rj*  ’ifcl2*’0 . V0}  • 


The  result  preceding  (10.4)  gives  the  conditional  distribution  Y^  as 
Beta(j,n(3+l)-j)  and  thus  the  above  expression  equals  H .  ( -j )  where 
H( • )  is  the  same  as  the  function  in  (10.4): 


Yy  r(j)r(n(3+D 


n mn _  f1  uJ-1(l-u)n(3+1)-j'1c 

r(n(3+l)-j)  Jv  ( 1  u) 


Applying  (#)  to  the  previous  results  produces 


(10.6) 


P(Bk)  -  Xn5k(B)a-ka)J<S+1)'1  and 


pfVx|V  ’  • 


Plugging  these  into  (10.3)  yields  the  distribution  of  V  when 
F(x)  -  X(x-a)3. 
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